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Abstract 

In this note we investigate the structure of the space J of smooth almost 
complex structures on S 2 x S 2 that are compatible with some symplectic form. 
This space has a natural stratification that changes as the cohomology class of 
the form changes and whose properties are very closely connected to the topol¬ 
ogy of the group of symplectomorphisms of S 2 x S' 2 . By globalizing standard 
gluing constructions in the theory of stable maps, we show that the strata of 
J are Frechet manifolds of finite codimension, and that the normal link of each 
stratum is a finite dimensional stratified space. The topology of these links turns 
out to be surprisingly intricate, and we work out certain cases. Our arguments 
apply also to other ruled surfaces, though they give complete information only 
for bundles over S 2 and T 2 . 

1 Introduction 

It is well known that every symplectic form on X = S 2 x S 2 is, after mul¬ 
tiplication by a suitable constant, symplectomorphic to a product form u> x = 
(1 + Apr + (72 for some A > 0, where the 2-form Oi has total area 1 on the 
ith factor. We are interested in the structure of the space J x of all C°° lu x - 
compatible almost complex structures on A'. Observe that J x itself is always 
contractible. However it has a natural stratification that changes as A passes 
each integer. The reason for this is that as A grows the set of homology classes 
that can be represented by an cY-symplectically embedded 2-sphere changes. 
Since each such 2-sphere can be parametrized to be J-holomorphic for some 
J £ J x , there is a corresponding change in the structure of J x . 

To explain this in more detail, let A £ Z) be the homology class 

[S' 2 x pt] and let F = [pt x S 2 ]. (The reason for this notation is that we are 
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thinking of X as a fibered space over the first 5' 1 2 -factor, so that the smaller 
sphere F is the fiber.) When t — 1 < A < t, 

lo x (A - kF) > 0, for 0 < k < 1. 

Moreover, it is not hard to see that for each such k there is a map pk : S 2 —> S 2 
of degree —k whose graph 

2 {z,p k (z)) 

is an w A -symplectically embedded sphere in X. It follows easily that the space 
Jff = {Je J x : there is a J-hol curve in class A — kF} 
is nonempty whenever k < A + 1. Let 

Jk~ Um>fc J m . 

Because (A — kF) ■ (A — mF) < 0 when / ra > 0, positivity of intersections 
implies that there is exactly one J-holomorphic curve in class A — kF for each 
J € Jk- We denote this curve by A j. 

Lemma 1.1 The spaces Jk,t) < k < l, are disjoint and J k is the closure of 
jjf in J x . Further, J x = j\. 

Proof: It is well known that for every J € J the set of J-holomorphic curves 
in class F form the fibers of a fibration ttj : X —> S 2 . Moreover, the class A 
is represented by either a curve or a cusp-curve (i.e. a stable map)])] Since the 
class F is always represented and (mA+pF) ■ F = m, it follows from positivity 
of intersections that m > 0 whenever mA+pF is represented by a curve. Hence 
any cusp-curve in class A has one component in some class A — kF for k > 0, 
and all others represent a multiple of F. In particular, each J £ J x belongs to 
some set Jjf. Moreover, because (A — kF) ■ (A — mF) < 0 when k ^ m and 
k,m > 0, the different j7 fc A are disjoint. 

The second statement holds because if J n is a sequence of elements in J t x , 
then the corresponding sequence of J„-holomorphic curves in class A — kF has a 
convergent subsequence whose limit is a cusp-curve in class A — kF. This limit 
has to have a component in some class A — mF, for m > k, and so J £ J. x for 
some m > k. For further details see Lalonde-McDuff [LM], for example. □ 

Here is our main result. Throughout we are working with C^-maps and 
almost complex structures, and so by manifold we mean a Frechet manifold. 
By a stratified space X we mean a topological space that is a union of a finite 
number of disjoint manifolds that are called strata. Each stratum S has a 

1 We will follow the convention of [LM] by defining a “curve” to be the image of a single 

sphere, while a “cusp-curve” is either multiply-covered or has domain equal to a union of two 
or more spheres. 
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neighborhood Ms that projects to S by a map Ms —> S. When Ms is given 
the induced stratification, this map is a locally trivial fiber bundle whose fiber 
has the form of a cone C(£) over a finite dimensional stratified space £ that is 
called the link of S in X . Moreover, S sits inside Ms as the set of vertices of all 
these cones. 

Theorem 1.2 (i) For each 1 < k < £, J k is a submanifold of J x of codimen¬ 
sion 4fc — 2. 

(ii) For each m > k> 1 the normal link k of jf) in j\ is a stratified space 

of dimension 4(m — k) — 1. Thus, there is a neighborhood of in j\ that is 
fibered over J x z with fiber equal to the cone on £^ k . 

(Hi) The structure of the link k is independent of X (provided that X > m—1.) 

The first part of this theorem was proved by Abreu in [A], at least in the 
C s -case where s < oo. (Details are given in §4.1 below.) The second and third 
parts follow by globalising recent work by Fukaya-Ono [FO], Li Tian [LiT], 
Liu-Tian [LiuTl], Ruan [R] and others on the structure of the compactifica- 
tion of moduli spaces of J-holomorphic spheres via stable maps. We extend 
current gluing methods by showing that it is possible to deal with obstruction 
bundles whose elements do not vanish at the gluing point: see §4.2.3. Another 
essential point is that we use Fukaya and Ono’s method of dealing with the 
ambiguity in the parametrization of a stable map since this involves the least 
number of choices and allows us to globalize by constructing a gluing map that 
is equivariant with respect to suitable local torus actions: see §4.2.4 and §4.2.5. 

The above theorem is the main tool used in [AM] to calculate the rational 
cohomology ring of the group G x of symplectomorphisms of {X, cv x ). 

Observe that part (iii) states that the normal structure of the stratum J k 
does not change with A. On the other hand, it follows from the results of [AM] 
that the cohomology of J k definitely does change as A passes each integer. 
Obviously, it would be interesting to know if the topology of J k is otherwise 
fixed. For example, one could try to construct maps J x —► J M for A < p that 
preserve the stratification, and then try to prove that they induce homotopy 
equivalences J k —> J k whenever t — \<X<p<t. 

The most we have so far managed to do in this direction is to prove the 
following lemma that, in essence, constructs maps J x —> J M for A < p. It is 
not clear whether these are homotopy equivalences for A, p G (£ — 1, (\. It is 
convenient to fix a fiber Fq = pt x S 2 and define 

^ A (Af(Fo)) = {J € J k : J = Jspin near Fq}, 


where J sp ut is the standard product almost complex structure. 

Lemma 1.3 (i) The inclusion J rA (A/"(Fo)) —> J x induces a homotopy equiva¬ 
lence J X (M(F 0 )) J k for all k < A + 1. 
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(ii) Given any compact subset C C J x (N(Fq)) and any p. > A there is a map 

LX,n ■ C - J»(X(F 0 )) 

that takes C fl Jk(J\T(Fo)) into J/f(Af(Fo)) for all k. 

This lemma is proved in §2. 

The next task is to calculate the links C x n k . So far this has been done for 
the easiest case: 


Proposition 1.4 For each k > 1 and A the link C k+1 k is the 3-dimensional 
lens space L(2k, 1). 


Finally, we illustrate our methods by using the stable map approach to con¬ 
firm that the link of jf in J x is S 5 , as predicted by part (i) of Theorem 1.2. Our 
method first calculates an auxiliary link Cz from which the desired link is ob¬ 
tained by collapsing certain strata. The S 5 appears in a surprisingly interesting 
way, that can be briefly described as follows. 

Let 0(k) denote the complex line bundle over S 2 with Euler number k, 
where we write C instead of 0(0). Given a vector bundle E —> B we write 
S(E ) —> B for its unit sphere bundle. Note that the unit 3-sphere bundle 


S(0(k) © 0(m)) -> S 2 


decomposes as the composite 

S(L P{kM ) - V(0(k) © 0(m)) - S 2 

where Tp(fc, m ) —> V(0(k) © 0(m )) is the canonical line bundle over the the pro- 
jectivization of 0(k)®0(m). In particular, the space S(0(— 1)©C) can be iden¬ 
tified with S(Lp(_i i0 )). But F(0(— 1) © C) is simply the blow up CP 2 #CP 2 , 
and its canonical bundle is the pullback of the canonical bundle over CP 2 . We 
also consider the singular line bundle (or orbibundle) Ly —> L whose associated 
unit sphere bundle has total space L(Y) = S 5 and fibers equal to the orbits of 
the following 5' 1 -action on S 5 : 


6 ■ ( x,y,z) = (e lti x,e w y,e MO z) 


x,y,z G C. 


Theorem 1.5 (i) The space Cz obtained by plumbing the unit sphere bundle of 
0(— 3)©0(—1) with the singular circle bundle S(Ly) —> Y may be identified with 
the unit circle bundle of the canonical bundle over V(0(— 1)©C) = CP 2 #CP 2 . 
(ii) The link is obtained from Cz by collapsing the fibers over the excep¬ 
tional divisor to a single fiber, and hence may be identified with S 5 . Under this 
identification, the link C?f i = RP 3 corresponds to the inverse image of a conic 
in CP 2 . 
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In his recent paper [K], Kronheimer shows that the universal deformation 
of the quotient singularity C 2 /(Z/mZ) is transverse to all the submanifolds 
Jk and so is an explicit model for the normal slice of J m in J. Hence one 
can investigate the structure of the intermediate links C ^ k using tools from 
algebraic geometry. It is very possible that it would be easier to calculate these 
links this way. However, it is still interesting to try to understand these links 
from the point of view of stable maps, since this is more closely connected to 
the symplectic geometry of the manifold X. 

Another point is that throughout we consider w A -compatible almost complex 
structures rather than w A -tame ones. However, it is easy to see that all our 
results hold in the latter case. 


Other ruled surfaces 


All the above results have analogs for other ruled surfaces Y —> £. If Y is 
diffeomorphic to the product £ x S' 2 , we can define w A , as above, though 
now we should allow A to be any number > — 1 since there is no sy mm etry 
between the class A = [E x pt] and F = [pt, x S 2 ]. In this case Theorem [h| still 
holds. The reason for this is that if u : £ —► Y is an injective J-holomorphic 
map in class A — kF where k > 1, then the normal bundle E to the image it(£) 
has negative first Chern class so that the linearization Du of u has kernel and 
cokernel of constant dimension. (In fact, the normal part of Du with image 
in E is injective in t his case. See Theorem l 1 in Hofer-Lizan-Sikorav [HLS].) 
However, Lemma 1.1 fails unless £ is a torus since there are tame almost complex 
structures on Y with no curve in class [A]. One might think to remedy this 
by adding other strata consisting of all J such that the class A + kF is 
represented by a J-holomorphic curve u : (£, j) —> Y for some complex structure 
j on £. However, although the universal moduli space kF,J X ) of all 

such pairs (u, J ) is a manifold, the map {u, J) —> J is no longer injective: even 
if one cuts down the dimension by fixing a suitable number of points each J 
will in general admit several curves through these points. Moreover, as u varies 
over M(A + kF , J x ) the dimension of the kernel and cokernel of Du can jump. 
Hence the argument given in §4.1 below that the strata J k are submanifolds of 
J x fails on several counts. 

In the case of the torus, Jq is open and so Lemma does hold. However, it 
is not clear whether this is enough for the main application, which is to further 
our understanding of the groups G A of symplectomorphisms of (Y,ui x ). One 
crucial ingredient of the argument in [AM] is that the action of this group on 
each stratum J k is essentially transitive. More precisely, we show that the 
action of G A on J k induces a homotopy equivalence G A /Aut(Jfc) —>• J k , where 
Jk is an integrable element of J k and Aut(Jfc) is its stabilizer. It is not clear 
whether this would hold for the stratum JJ 0 A when £ = T 2 . One might have to 
take into account the finer stratification considered by Lorek in [Lo[. He points 
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out that the space of all J that admit a curve in class A is not homogeneous. 
A generic element admits a finite number of such curves that are regular (that 
is Du is surjective), but since this number can vary the set of regular elements 
in Jq has an infinite number of components. Lorek also characterises the other 
strata that occur. For example, the codimension 1 stratum consists of J such 
that all J-holomorphic A curves are isolated but there is at least one where 
the kernel of Du has dimension 3 instead of 2. (Note that these 2 dimensions 
correspond to the reparametrization group, since Du is the full linearization, 
not just the normal component.) 

Similar remarks can be made about the case when Y —> E is a nontrivial 
bundle. In this case we can label the strata so that the J G admit sections 
with self-intersection —2k + 1. Again Theorem |l.2| holds, but Lemma LI may 
not. When T, = S 2 the homology class of the exceptional divisor is always 
represented, so that J x = J x . When E = T 2 , the homology class of the 
section of self-intersection +1 is always represented. Thus J x = J Hence 
the analog of Lemma □ holds in these two cases. Moreover all embedded tori 
of self-intersection +1 are regular (by the same result in [HLS]), which may help 
in the application to Symp(F). 

We now state in detail the result for the nontrivial bundle Y —> S 2 since this 
is used in [AM], Here Y = CP 2 ffCP 2 , and so every symplectic form on Y can 
be obtained from an annulus A r , s = {z € C 2 : r < \z\ < s} by collapsing the 
boundary spheres to S 2 along the characteristic orbits. This gives rise to a form 
w riS that takes the value 7rs 2 on the class L of a line and nr 2 on the exceptional 
divisor E. Let us write uj x for the form u r s where tts 2 = 1 + X,nr 2 = A > 0. 
Then the class F = L — E of the fiber has size 1 as before, and , k > 1, is 
the set of w A -compatible J for which the class E — (k — 1 )F is represented. 

Theorem 1.6 When Y = CP 2 ffCP 2 the spaces Jyf are Frechet submanifolds 
of J x of codimension 4 k, and form the strata of a stratification of J x whose 
normal structure is independent of X. Moreover, the normal link of in 
is the lens space L(Ak + 1,1) , k > 1. 


This paper is organised as follows. §2 describes the main ideas in the proof 
of Theorem 1.2. This relies heavily on the theory of stable maps, and for 
the convenience of the reader we outline its main points. References for the 
basic theory are for example [FO], [LiT] and [LiuTl]. §3 contains a detailed 
calculation of the link of jf in J x . In particular we discuss the topological 
structure of the space of degree 2 holomorphic self-maps of S 2 with up to 2 
marked points, and of the canonical line bundle that it carries. Plumbing with 
the orbibundle Ly —*> Y turns out to be a kind of orbifold blowing up process: 
see §3.1. Finally, in §4 we work out the technical details of gluing that are 
needed to establish that the submanifolds jjf do have a good normal structure. 
The basic method here is taken from McDuff-Salamon [MS] and Fukaya-Ono 
[FO], 
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2 Main ideas 


We begin by proving Lemma L3 since this i s ele mentary, and then will describe 
the main points in the proof of Proposition |l.2j. 


2.1 The effect of increasing A 


Proof of Lemma 


1.3 


Recall that Fo is a fixed fiber pt x S 2 and that 

j£(J\f(F 0 )) = {J € Jk : J = Js P nt near F 0 }, 


We will also use the space 

J k \F 0 ) = (J G J k x : J = J split on TFq}. 

Let F A be the space of w A -symplectically embedded curves in the class F 
through a fixed point xq. Because the re i s a unique J-holomorphic F-curve 
through xq for each J £ J (see Lemma 1.1), there is a fibration 


J X {F 0 ) - J x 


T x 


Since the elements of J7 A (Fo) are sections of a bundle with contractible fibers, 
J x {Fq) is contractible. Hence T x is also contractible. By using the methods 
of Abreu [A], it is not hard to show that the symplectomorphism group Q x = 
Symp 0 (A, w A ) of (X,uj x ) acts transitively on T x . Since the action of Q x on J x 
preserves the strata , it follows that the projection —> T x is surjective. 

Hence there are induced fibrations 


Jk(F 0 ) - J k X -h. F a . 

This implies that the inclusion J k (F 0 ) —> is a weak homotopy equivalence. 

We now claim that the inclusion J k {N(Fo)) —> J k (F 0 ) is also a weak ho¬ 
motopy equivalence. To prove this, we need to show that the elements of any 
compact set K. C J k can be homotoped near Fo to make them coincide with 
J split- Since the set of tame almost complex structures at a point is contractible, 
this is always possible in J x \ the difficulty here is to ensure that /C remains in 
J k throughout the homotopy. Here is a sketch of one method. For each J G 
let A j denote the unique J-holomorphic curve in class A — kF. Then A j meets 
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Fq transversally at one point, call it qj. For each J € /C, isotop the curve A j 
fixing qj to make it coincide in a small neighborhood of qj with the flat section 
S 2 x pt that contains qj. (Details of an very similar construction can be found 
in [MP], Prop 4.I.C.) Now lift this isotopy to j£. Finally adjust the family of 
almost complex structures near Fq. keeping A j holomorphic throughout. 

This proves (i). Statement (ii) is now easy. For any compact subset C of 
J x (J\f(F 0 )) there is e > 0 such that J = J sp u t on the e-neighborhood A4(Jo) 
of Fq. Let p be a nonegative 2-form supported inside the 2-disc of radius e that 
vanishes near 0, and let 7 r *(p) denote its pullback to J\f e (F 0 ) by the obvious 
projection. Then every J that equals J sp ut on Af e (Fo) is compatible with the 
form uj x + K 7 T*{p) for all k > 0. Since uj x + ktt*{ p) is isotopic to for some p, 
there is a diffeomorphism (j) of X that is isotopic to the identity and is such that 
<p*{u x + ktt*(p)) = uJ. Moreover, because, by construction, n*(p) = 0 near Fo, 
we can choose </> = Id near Fo. Hence the map J i—> <f>*{J) takes J x (N{Fq)) to 
t 7 M (A/"(Fo)). Clearly it preserves the strata Jk■ □ 


2.2 Stable maps 

From now on, we will drop A from the notation, assuming that k < A + 1 as 
before. We study the spaces Jk and Jk by exploiting their relation to the 
corresponding moduli spaces of J-holomorphic curves in X. 


Definition 2.1 When k > 1, A4k = M(A — kF,J) is the universal moduli 
space of all unparametrized J-holomorphic curves in class A — kF. Thus its 
elements are equivalence classes [h, J] of pairs (h, J), where J £ J = J x , h is 
a J-holomorphic map S 2 —> A' in class A — kF, and where (h, J) = (h o 7 , J) 
when 7 : S 2 —> S 2 is a holomorphic reparametrization of S 2 . Similarly, we 
write A4q = A4(A, xo, J) for the universal moduli space of all unparametrized 
J-holomorphic curves in class A that go through a fixed point xq G X. Thus 
its elements are equivalence classes of triples [h,z,J] with z G S 2 , ( h,J ) as 
before, h(z) = xq and where (h, z , J) (h o 7,7 1 (z), J) when 7 : S 2 —> S 2 is 
a holomorphic reparametrization of S 2 . 


The next lemma restates part (i) of Theorem 1.2. The proof uses stan¬ 


dard Fredholm theory for J-holomorphic curves and is given in §4.1. The only 
noteworthy point is that when k > 0 the almost complex structures in Jk are 
not regular. In fact, the index of the relevant Fredholm operator is —(4 k — 2). 
However, because we are in 4-dimensions the Fredholm operator has no kernel, 
which is the basic reason why the space of J for which it has a solution is a 
submanifold of codimension 4 k — 2 . 


Lemma 2.2 For all k > 0, the projection 


7T/c ■ X^k * Jk ■ [h, J] 1 * J 
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is a diffeomorphism of the Frechet manifold Aik onto the submanifold Jk of J. 
This submanifold is an open subset of J when k = 0 and has codimension 4k — 2 
otherwise. 

Our tool for understanding the stratification of J by the Jk is the com- 
pactification Ai(A — kF, J) of M.(A — kF , J) that is formed by J-holomorphic 
stable maps. For the convenience of the reader we recall the definition of stable 
maps with p marked points. We always assume the domain £ to have genus 0. 
Therefore it is a connected union U^LqE,; of Riemann surfaces each of which has 
a given identification with the standard sphere (S' 2 , jo)- (Note that we consider 
E to be a topological space: the labelling of its components is a convenience 
and not part of the data.) The intersection pattern of the components can be 
described by a tree graph with m +1 vertices, one for each component of £, that 
are connected by an edge if and only if the corresponding components intersect. 
No more than two components meet at any point. Also, there are p marked 
points ... ,z p placed anywhere on E except at an intersection point of two 
components. (Such pairs (E, zi, ... , z p ) = (E, z) are called semi-stable curves.) 

Now consider a triple (E ,h,z) where h : E —> X is such that /i*([£]) = B 
and where the following stability condition is satisfied: 

the restriction hi of the map h to £,; is nonconstant unless £j con¬ 
tains at least 3 special points. 

(By definition, special points are either points of intersection with other com¬ 
ponents or marked points.) A stable map a = [E, h, z] in class B £ if 2 (X, Z) 
is an equivalence class of such triples, where (E, h, z') = (E, h o 7 , z) if there is 
an element 7 of the group Aut(E) of all holomorphic self-maps of E such that 
7 (zi) = z'i for all i. For example, if E has only one component and there are 
no marked points, then (S, ft.) = (E, h o 7 ) for all 7 € Aut(S' 2 ) = PSL(2, C). 
Thus stable maps are unparametrized. We may think of the triple (E, h, z) as a 
parametrized stable map. Almost always we will only consider stable maps that 
are J-holomorphic for some J. If necessary, we will include J in the notation, 
writing elements as a = [E, h, z , J], but often J will be understood. 

Note that some stable maps a = [E, h, z , J] have a nontrivial reparametriza- 
tion group r CT . Given a representative (E, h, z, J) of a, this group may be defined 
as 

F CT = {7 e Aut(E) : h o 7 = h, 7 (zf) = Zi, 1 < i < p}. 

It is finite because of the stability condition. The points where this reparametriza- 
tion group T a is nontrivial are singular or orbifold points of the moduli space. 
Here is an example where it is nontrivial. 

Example 2.3 Let E have three components, with £ 2 and £3 both intersecting 
Ei and let z\ be a marked point on £ 1 . Then we can allow hi to be constant 
without violating stability. If in addition /i 2 , /13 have the same image curve, there 
is an automorphism that interchanges £ 2 and £ 3 . Since nearby stable maps do 
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not have this extra symmetry, [£, h, 21 ] is a singular point in its moduli space. 
However, because marked points are labelled, there is no such automorphism if 
we put one marked point 22 on £2 and another 23 at the corresponding point 
on £3, i.e. so that ^ 2 ( 22 ) = ^3(23). One can also destroy this automorphism by 
adding just one marked point zq to [£, h , 21 ] anywhere on £2 or £3. 


Definition 2.4 For k > 0 we define A4(A — kF , J) to be the space of all J- 
holomorphic stable maps a = [£, h, J] in class A — kF. Further, given any subset 
K of J we write 


M(A — kF, K.) = Ujcjc M(A — kF, J). 


It follows from the proof of Lemma 1.1 that the domain £ = U?_ 0 £i of er e 
A i(A — kF, J) contains a unique component that is mapped to a curve in some 
class A — mF , where m > k. We call this component the stem of £ and label it 
£o- Thus M(A — kF, J m ) is the moduli space of all curves whose stem lies in 
class A — mF. Note that £ — £0 has a finite number of connected components 
called branches. If ho is parametrized as a section, a branch B w that is attached 
to £0 = S 2 at the point w is mapped into the fiber ttJ 1 (w). In particular, 
distinct branches are mapped to distinct fibers. 


The moduli spaces A i(A — kF, J) and A4(A — kF, J) have natural stratifica¬ 
tions, in which each stratum is defined by fixing the topological type of the pair 
(£, 2 ) and the homology classes [/!*(£*)] °f the components. Observe that the 
class A — mF of the stem is fixed on each stratum S in M(A — kF, J). Hence 
there is a projection 

S —> Jmi 

whose fiber at J G J m is some stratum of A^(A — kF,J). Usually, in order 
to have a moduli space with a nice structure one needs to consider perturbed 
J-holomorphic curves. But, because we are working with genus 0 curves in di¬ 
mension 4, the work of Hofer-Lizan-Sikorav [HLS] shows that all J-holomorphic 
curves are essentially regular. In particular, all curves representing some multi¬ 
ple mF of the fiber class are regular. Therefore each stratum of A 4(A — kF, J ) 
is a (finite-dimensional) manifold. The following result is an immediate conse¬ 
quence of Lemma [2.2| . 

Lemma 2.5 Each stratum S of A4{A — kF, J) is a manifold and the projection 
S —> Jm. Is a locally trivial fibration. 


Definition 2.6 When fc > 1, we set Mk = M(A — kF,J). Further, A4o = 
M(A,xo, J) is the space of all stable maps [ T,,h,z,J] where [£, h, 2 ] is a J- 
holomorphic stable map in class A with one marked point 2 such that h{z) = Xq. 

In the next section we show how to fit the strata of A ik together by gluing 
to form an orbifold structure on Aik itself. 
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2.3 Gluing 

In this section we describe the structure of a neighborhood Af(a) C Mk of a 
single point a G Ai(A — kF,J m ). Suppose that a = [E ,h,J], and order the 
components Xb of E so that So is the stem and so that the union U i<(T,i is 
connected for all t. Then each Ej, * > 0 is attached to a unique component 
E j t ,ji < i by identifying some point Wi G E,; with a point Zi G Ej 4 . At each 
such intersection point consider the “gluing parameter” 

o-i G T Wi S j 0c T Zi S j i . 

The basic process of gluing allows one to resolve the singularity of E at the node 
Wi = Zi by replacing the component E,; by a disc attached to E j t and suitably 
altering the map h. As we now explain, there is a 2-dimensional family of ways 
of doing this that is parametrized by (small) a,;. 

Proposition 2.7 Each cr G M(A — kF,J m ) has a neighborhood Af(a) in Mk 
that is a product Us{cr)x(Af(V a )/T a ), whereUs{cr) C M{A — kF, J m ) is a small 
neighborhood of a in its stratum S and where Af(V a ) is a small T a -invariant 
neighborhood of 0 in the space of gluing parameters 

Vt = T Wi Y>i <8c 

i>0 

Proof: The proof is an adaptation of standard arguments in the theory of 
stable maps. The only new point is that the stem components are not regular 
so that when one does any gluing that involves this component one has to allow 
J to vary in a normal slice ICj to the submanifold J rn at J. This analytic detail 
is explained in §4.2. What we will do here is describe the topological aspect of 
the proof. 

First of all, let us describe the process of gluing. Given a G V a . the idea 
is first to construct an approximately J-holomorphic stable map (E a , h a , J) on 
a glued domain E a and then to perturb h a and J using a Newton process to 
a J a -lrolomorphic map h a : E a —> X in M(A — hF,K.j). We will describe the 
first step in some detail here since it will be used in §3. The analytic arguments 
needed for the second step are postponed to §4. 

The glued domain E a is constructed as follows. For each i such that as* ^ 0, 
cut out a small open disc Int D Wi (ri) in E$ centered at W{ and a similar disc 
lntD Zi (ri) in Bj i where rf = ||a, ||. and then glue the boundaries of these discs 
together with a twist prescribed by the argument of aj. The Riemann surface 
E a is the result of performing this operation for each i with cij ^ 0. (When 
a, = 0 one simply leaves the component Ej alone.) 

To be more precise, consider gluing z G Eo to w G Ei. Take a Kahler 
metric on Eo that is flat near z and identify the disc D z (r) isometrically with 
the disc of radius r in the tangent space T z = T,(E 0 ) via the exponential map. 
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Take a similar metric on (Ei,w;). Then the gluing dD z (r) —► dD w (r ) may be 
considered as the restriction of the map 


: Tz - {0} —* — {0} 

that is defined for x € T z by the requirement: 

x ® To (a:) = a, x € T z . 


Thus, with respect to chosen identifications of T z and T w with C, T a is given 
by the formula: x > a/x and so takes the circle of radius r = \/iMl into itself. 
This describes the glued domain E a as a point set. It remains to put a metric 
on E a in order to make it a Riemann surface. By hypothesis the original metrics 
on £o, Si are flat near z and w and so may be identified with the flat metric 
\dx\ 2 on C. Since 


K(\dx\ 2 ) 



\dx\ 2 , 


H/ a (| dx | 2 ) = \dx\ 2 on the circle \x\ = r. Hence, we may choose a function 
Xr : (0, oo) —> (0, oo) so that the metric Xr(M)|dx| 2 is invariant by \k a and so 
that Xr{s) = 1 when s > (1 + e)r, and then patch together the given metrics on 
So — D z {2r) and Hi — D z (2r ) via x-r(|^c|)|<^cc| 2 . 

In §3 we need to understand what happens as a rotates around the origin. 
It is not hard to check that if we write ae = e l8 a z < 8 > a w , where a z &T z ,a w £ T w 
are fixed, and if identifies the point p z on dD z (r) with p w on dD w (r) then 


^ag{e re p z ) = p w . 


The next step is to define the approximately holomorphic map (or pre-gluing) 
h a : H a —> X for sufficiently small ||a||. The map h a equals h away from the 
discs D Zi (ri), D Wi (n), and elsewhere is defined by using cut-off functions that 
depend only on ||a||. To describe the deformation of h a to a holomorphic map 
one needs to use analytical arguments. Hence further details are postponed 
until §4. 

We are now in a position to describe a neighborhood of a. It is convenient 
to think of V a as the direct sum V' a ® V” where consists of the summands 
T Wi Hj ®c T Zi T,j i with = 0 and V” of the rest. Note that the obvious action of 
T a on V a preserves this splitting. (It is tempting to think that the induced action 
on V'a is trivial since the elements of r CT act trivially on the stem. However, this 
need not be so since they may rotate branch components that are attached to 
the stem.) If we glue at points parametrized by a!' £ V" then the corresponding 
curves lie in some branch and are regular. Hence the result of gluing is a J- 
holomorphic curve (i.e. there is no need to perturb J). Further, because the 
gluing map Q is T CT -equivariant, there is a neighborhood of tr in A4(A — kF, J m ) 
of the form 

U"{a)=U s (a) x {N{VZ)/Y a ), 
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where Af(V) denotes a neighborhood of 0 in the vector space V. 

When we glue with elements from V), the homology class of the stem changes 
and so the result cannot be J-holomorphic since J £ J m ■ We show in Propo¬ 
sition 4.4 that if ICj is a normal slice to the submanifold J m at J then for 
sufficiently small a £ Vf the approximately holomorphic map h a : E a —► X 
deforms to a unique J a holomorphic map G(h a , a) with J a £ /Cj. Therefore, for 
each element cr" = [E ,h”,J"] £ U"{<j) there is a homeomorphism from some 
neighborhood onto a neighborhood of a" in M(A—kF,ICj"). Moreover, 

if U" (a) is sufficiently small, the spaces V a " can all be identified with V a and 


it follows from the proof of Proposition 4.4 that the neighborhoods J\f(V a ") can 


be taken to have uniform size and so may all be identified. Hence the neighbor¬ 
hood A/"(cr) projects to U"(a) with fiber at a" equal to H{y^)/T a n . In general, 
the groups r CT " are subgroups of r CT that vary with a": in fact they equal the 
stabilizer of the corresponding gluing parameter a" £ V(a”). However, since 
elements of Us(cr) lie in the same stratum they have isomorphic isotropy groups. 
It is now easy to check that the composite map 

Af(a) —> U"(a) —>• Us{cr) 

has fiber N(V„)/T a as claimed. □ 


2.4 Moduli spaces and the stratification of J 

Since each stable J-curve in class A — kF has exactly one component in some 
class A — mF with m > k, the projection n/- : M(A — kF , J) —> J has image 
Jk- Consider the inverse image 

M(A-kF,J m )=n^(J m ). 

The next result shows that we can get a handle on the structure of Jk by looking 
at the spaces M(A — kF , J7 m ). 

Proposition 2.8 When k > 0 the projection 


TT k : M(A - kF , J m ) -> J m 

is a locally trivial fibration whose fiber Fj(m — k) at J is the space of all sta¬ 
ble J-curves [E, h\ in class A — kF that have as one component the unique 
J-holomorphic curve A j in class A — mF. In particular, Tj(m — k) is a strat¬ 
ified space with strata that are manifolds of (real) dimension < 4 (m — k). Its 
diffeomorphism type depends only on k — to. 

Proof: Let us look at the structure of Fj(rri — k) = 7t ; 7 1 (J). The stem of 
each element [E, h , J] £ Tj(m — k) is mapped to the unique J-curve A j in class 
A — mF. Fix this component further by supposing that it is parametrized as 
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a section of the fibration nj : X —* S 2 (where nj is as in Lemma 1.1.) We 
may divide the fiber Tj(m — k ) into disjoint sets Zt>,j each parametrized by a 
fixed decomposition V of m — k into a sum d\ + ... + d p of unordered positive 


numbers. The elements of Zt>,j are those with p branches B u 


, B Wr , where 


h*[B Wi ] = di[F], Thus Zx> : j maps onto the configuration space of p distinct 
(unordered) points in S 2 labelled by the positive integers d \,..., d p with sum 
m — k. Moreover this map is a fibration with fiber equal to the product 




where Mo,i(S 2 , g, d) is the space of J-holomorphic stable maps into S 2 of degree 
d and with one marked point z such that h(z) = q. (This point q is where the 
branch is attached to A,/.) According to the general theory, .Mop(S' 2 , g, d) is an 
orbifold of real dimension 4(d—1). It follows easily that Z-pj is an orbifold of real 
dimension 4 (to — k) — 2 p. It remains to understand how the different sets Zt>,j 
fit together, i.e. what happens when two or more of the points up come together. 
This may be described by suitable gluing parameters as in Proposition |s]. The 
result follows. (For more details see any reference on stable maps, eg [FO], [LiT], 
[LiuTl]. An example is worked out in §3.2.4 below.) □ 


Note For an analogous statement when k 


0 see Proposition 3.5. 


Our next aim is to describe the structure of a neighborhood of M{A — 
kF, Jm) in Mk = M{A — kF, J). We will write Zj for the fiber Tj(m — k ) of 
7 Tfe that was considered above and set 


Z= \J Zj, Z v = U Zv,j. 


(The letter Z is used here because Z is the “zero-section” of the space of gluing 
parameters V constructed below.) Consider an element a = [S, h, J] that lies 
in a substratum Z$ of Zx> where T> = d\ + ... + d p . Then S has p branches 
Bi ,..., B p that are attached at the distinct points up,..., w p £ So- Let Zi be 
the point in Bi that is identified with up £ Eq and define 


p 

Va = (J) T Zi Bi 0c T Wi Y,Q. 
2=1 


As explained in Proposition 2.7, the gluing parameters a £ V a (when quotiented 
out by r tj ) parametrize a normal slice to Zx> at a. (Note that previously 14- 
was called V"d) We now want to show how to fit these vector spaces together to 
form the fibers of an orbibundlc0 over Zx>. Here we must incorporate twisting 

2 A rank k orbibundle 7T : E —> Y over an orbifold Y has the following local structure. 
Suppose that a £ Y has local chart U C U/T a where the uniformizer U is a subset of R“. 


Then n 1 (U) has the form U X R fc /r ff where the action of 10 on R" X R fc lifts that on R" 
and is linear on R*\ There is an obvious compatibility condition between charts: see [FO],§2. 


14 






that arises from the fact that gluing takes place on the space of parametrized 
stable maps. Since this is an important point, we dwell on it at some length. 
For the sake of clarity, we will in the next few paragraphs denote parametrized 
stable maps by a = (E, h) and the usual (unparametrized) maps by a = [E, h\. 
Further, Fg- denotes the corresponding realization of the group T a as a subgroup 
of Aut(E). 

Recall that X is identified with S 2 x S 2 in such a way that the fibration 
ttj : X —> S 2 whose fibers are the J-holomorphic .F-curves is simply given by 
projection onto the first factor. Hence each such fiber has a given identification 
with S 2 . Further, we assume that the stem h (T> o : E CTj o —> Aj is parametrized 
as a section 2 1 —> (z,p(z)). Hence we only have to choose parametrizations 
of each branch. Since each branch component has at least one special point, 
its automorphism group is either trivial or has the homotopy type of S 1 . Let 
Aut^E) be the subgroup of Aut (E) consisting of automorphisms that are the 
identity on the stem. Then the identity component of Aut ^E) is homotopy 
equivalent to a torus T k ( s%> . (Here S is the label for the stratum containing a.) 
Let g be a T^-invariant metric on the domain E that is also invariant under 
some action of the torus 

Definition 2.9 The group Aut A (E) is defined to be the subgroup of the isom¬ 
etry group of (E,g) generated by and T k ( s \ Note that Tj is the semidirect 
product of a subgroup T- of T k( - S ' 1 with a subgroup T'~ that permutes the compo¬ 
nents of each branch. Further Aut A (E) is a deformation retract of the subgroup 
p _ 1 (r~) of Aut(E), where we consider Y'~ as a subgroup of 7 r 0 (Aut(E)) and 

p : Aut(E) —> 7To(Aut(E)) 

is the projection. For a further discussion, see §4.2.4. 


Let us first consider a fixed J € Jk- It follows from the above discussion 
that on each stratum Z$,j there is a principal bundle 


s^para 


Z s ,j 


with fiber Aut Ar (E) such that the elements of Zg a j a are parametrized stable 
maps a = (E, h). Since the space Va of gluing parameters at a is made from 
tangent spaces to E there is a well defined bundle 


■\ypara ^para 
V S,J ^S,J 

with fiber Vs-. Further the action of the reparametrization group Aut Ar (E) lifts 
to V£7 and we define Vs,j to be the quotient Vg a j a /Aut K (E). Thus there is 
a commutative diagram 


-v jpara 

V S,J 

-> Vs,j 

l 

i 

^rpara 
^S,J 

-*■ Zs,j. 
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where the right hand vertical map is an orbibundle with fiber Va/T&. 

Now consider the space Zv.j = Us<zt>Zs,j- The local topological structure 
of Z-d,j is given by gluing parameters as in Proposition 2.7. Observe that every 
J is regular for the branch components so that the necessary gluing operations 
can be performed keeping J fixed. The spaces Z^ 1 } 1 , V^ T j a are defined similarly 
and clearly there is a vector bundle V^ r f —> Z^'j 1 . 

We want to see that the union 


Vd,j = [J Vs,j- 
Sex> 

has the structure of an orbibundle over Zt>,j. The point here is that the groups 
Aut A (£) change dimension as a moves from stratum to stratum. Hence we 
need to see that the local gluing construction that fits the different strata in 
Vd,j together is compatible with the group actions. We show in §4.2.4 below 
that the gluing map Q can be defined at the point a to be Aut K (E)-invariant. 
i.e. so that 

G{K, a) = Q(K o 6 > _1 ,6 • a), 

where Q(h a ,a) is the result of gluing the map h a with parameters a. In the 
situation considered here, we are dividing the set of gluing parameters at a into 
two, and will write a = ( at,,a s ) where Of, are the gluing parameters at inter¬ 
sections of branch components and a s are those involving the stem component. 
As h(j moves within Z^j a we glue along a;,, considering a s to be part of the 
fiber V a . Moreover, if a' = (E ab ,Q(h a ,a,b)), Lemma |dl] (ii) shows that Q can 
be constructed to be compatible with the actions of the groups Aut A (E) and 
Aut K (S') on the fibers V a and V a i of V^f at a, a'. It follows without difficulty 
that the quotient 

Tx>,j —> Zx>,j 

is an orbibundle. 

Finally, one forms spaces 

Vj = |J Vd,j, V = (J Vj 

72 J 

whose local structure is also described by appropriate gluing parameters as 
above. Forgetting the gluing parameters gives projections 

Vj —* Zj = Tj(m — A;); V — > Z = T(vn — k), 

and Zj,Z embed in Vj and V as the “zero sections”. The map Vj —* Zj 
preserves the stratifications of both spaces. However it is no longer an orbibundle 
since the dimension of the fiber V a depends on V. In fact, the way that the 
different sets Vx>, j are fitted together is best thought of as a kind of plumbing: 
see §3.2.4. 


16 



Example 2.10 Everything is greatly simplified when m — k = 1. Here there 
is only one decomposition V and the space Zx>,j consists of just one stratum 
diffeomorphic to S 2 . Moreover the bundle Z 1 ^™ —> Zd,j has a section with the 
following description. Choose J £ Jk+i so that nj : X —» S 2 is the standard 
projection onto the first factor and so that the graph ho of the map pk : S 2 —> S 2 
of degree —(fc + 1) is J-holomorphic. Let £o,£i be two copies of S 2 and for 
each w £ S 2 define (T, w ,h w ) £ Z^f by 

Z w — £o C ■w=p(w ) Ei? 
h w \s o = h 0 , h w \x! ■■ z (w,z). 

Hence in this case Vj is a complex line bundle over Zj = S 2 . To calculate its 
Chern class, observe that Vj can be identified with the space 

U T pW £ 1 ®T u; (£o) = (T5 2 )- fe - 1 0T5 2 , 

wGS 2 

and so has Chern class —2k. 


The following result is proved in §4. 


Proposition 2.11 There is a neighborhood Afv(Z) of Z in V and a gluing map 
Q : Nv{Z) —* M(A - kF, J) 

that maps A/y(Z) homeomorphically onto a neighborhood of M(A — kF^Jm) in 
M(A-kF,J). 


It follows from the construction of Q : A/y(Z) —» M(A — kF,J m ) outlined 
in Proposition 2.7 that the stem of the glued map Q(a,a) lies in the class A — 
(m — ni)F where the indices i label the branches Bi of a and n,; is defined 
as follows. If (ii = 0 then nt = 0. Otherwise, if T Ji is the component of Bi 
that meets So then nt is the multiplicity of hj i; that is [^(S^)] = UiF. Let Af p 
denote the set of all elements (a, a) £ Afv(Z) such that the stem of the glued 
map lies in class A — pF. In other words, 


Af P = {'Kk°G) 1 J P - 


Clearly, Af p is a union of strata in the stratified space Afp(Z). Further, when 
k > 0 the map iTk : G{Af p ) —> J p is a fibration with fiber T(j> — k). The next 


proposition follows immediately from Proposition 2.8 


Proposition 2.12 The link C mt k is the finite-dimensional stratified space ob¬ 
tained from the link of Zj in Vj by collapsing the fibers of the projections 
Vj fl Afp —► J v to single points. 
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Proof of Proposition k 

We have to show that the link Ck+i,k is the lens space L(2k, 1). We saw in 
Example 2.10 that Vj is a line bundle with Chern class — 2k. In this case there 
is only one nontrivial stratum in Afv(Z), namely A4> which is the complement 
of the zero section. Moreover, the map 7t*, o Q is clearly injective. Hence by 
the above lemma £fc_|_i,fc is simply the unit sphere bundle of Vj and so is a lens 
space as claimed. □ 


3 The link Co o of J 2 in 


In this section we illustrate Proposition [2.12| by calculating the link £ 2 ,o- We 
know from Lemma 2.2 that £ 2 ,o = S 5 . The general theory of §2 implies that 


£ 2 ,o can be obtained from the link Lz of the zero section Zj in the stratified 
space Vj of gluing data by collapsing certain strata. When looked at from this 
point of vie w, t he S 5 appears in quite a complicated way that was described 
in Theorem 1.5. We begin here by explaining the plumbing construction, and 
then discuss how this relates to C-z- 


3.1 Some topology 

Recall that S(Lp) —> V(0{k) ® 0(m)) is the unit circle bundle of the canonical 
line bundle Lp over the projectivization V{0{k) ® 0{m)). 

Lemma 3.1 The bundle S(Lp ) —> V{0{— 1) ® C) can be identified with the 
pullback of the canonical circle bundle S(L can ) —> CP 2 over the blowdown map 
CP 2 #CP 2 -> CP 2 . 

Proof: It is well known that V(Q(— 1)®C) can be identified with CP 2 ffCP 2 —> 
CP 2 . Indeed the section S- = P({0} ® C) has self-intersection — 1, while 
S+ = V(0( — 1) ® {0}) has self-intersection 1. Further, the circle bundle Lp is 
trivial over S- and has Euler class —1 over S+ and over the fiber class. The 
result follows. □ 

The space we are interested in is formed by plumbing a rank 2 bundle E —> S 2 
to a line bundle L —> Y , where dim(E) = 4. This plumbing EffaL is the space 
obtained from the unit disc bundles D(E) —► S 2 and D(L) —> Y by identifying 
the inverse images of discs D 2 ,D 4 on the two bases in the obvious way: the 
disc fibers of D{E) —> S 2 are identified with with flat sections of D(L) over £> 4 
and flat sections of D(E) over D 2 are identified with fibers of D(L). There is a 
corresponding plumbing S(E) ^ S(L) of the two sphere bundles S 3 —» S(E) —> 
S 2 and 5 1 —> S(L) —*■ Y, obtained by cutting out the inverse images of open 
discs in the two bases and appropriately gluing the boundaries. The resulting 
space S(E) ^ S(L) is the link of the core S 2 U Y in the plumbed bundle E ^ L. 
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Lemma 3.2 Let L can —» CP 2 be the canonical line bundle and E = <D(k) ® 
0(m). Then Etfe L can may be identified with the blow-up of 0(k+l)®0(m+l) 
at a point on its zero section. Hence 

S(E) # S(L can ) = S((0(k + 1) © 0(m + 1)). 

Proof: First consider the structure of the blow up C 3 of C 3 = C x C 2 at the 
origin. The fibration n : C x C 2 —* C induces a fibration 

tF : C 3 -f C. 

Clearly, the inverse image 7 r _ 1 (, 2 ) of each point z / 0 is a copy of C 2 while 
7 T —1 ( 0 ) is the union of the exceptional divisor together with the set of lines in 
the original fiber 7 r _ 1 ( 0 ). Let A be the line in C x C 2 through the origin and 
the point (l,a, b). Lift A to the blow-up and consider its intersection with 

^-'(S 1 ) = n~ 1 (S 1 ) cCxC 2 , 

where S 1 is the unit circle in C. This intersection consists of the points 
(e lt ,e lt a,e lt b), hence it is these circles (rather than the circles (e u ,a,b)) that 
bound discs in the blowup. Therefore, if we think of the blowup C 3 as the 
plumbing of the bundle n : C x C 2 —> C with L can , the original trivialization of 
7 r differs from the trivialization (or product structure) near 7r _ 1 (0) that is used 
to construct the plumbing. 

Now recall that 

0(k) =D + xCU„rxC, 

where D + , D~ are 2-discs, with D + oriented positively and D~ negatively, and 
where the gluing map a is given by 

a : dD + x C -> dD~ x C : (e u , w ) (e u , e~ ikt w). 

It follows easily that the blowup of D(0(k + l)®0(m+l)) at a point on its zero- 
section is obtained by plumbing the disc bundle D(0(k) ® 0(m)) with D(L can ). 
This proves the first statement. The second statement is then immediate. □ 

We are interested in plumbing not with L can —» CP 2 but with a particular 
singular line bundle (or orbibundle) Ly —> Y. This means that the unit circle 
bundle S(Ly) —*■ Y is a Seifert fibration with a finite number of singular (or 
multiple) fibers. In our case, there is an S 1 action on S(Ly) such that the fibers 
of the map S(Ly) —> Y are the S' 1 -orbits. In fact, we can identify S(Ly ) with 
S 5 in such a way that the S 1 action is 

0 ■ (x, y, z) = ( e l6 x , e l0 y, e 2l6 z), x,y,zG C. 

Thus there is one singular fiber that goes through the point (0,0,1). All other 
fibers F are regular. For each such F there is a diffeomorphism of S 5 that takes 
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F to the circle 70 = (e i6) , e* e , 0). Identify a neighborhood of 70 with S 1 x D 4 in 
such a way that 

S 5 = S 1 x D 4 UD 2 x S 3 , 

with the identity map of /S ' 1 x S 3 as gluing map. Then, in these coordinates 
near 70 the fibers of S(Ly) are (diffeomorphic to) the circles 

lx = {(0, Ae(x)) G S 1 x D 4 : As = ( ^ J if) ) |. 

By way of contrast, the fibers of S 5 with the Hopf fibration have neighborhoods 
fibered by the circles 

l' x = {(M' fl (*)) G S 1 x D 4 : A' e = ( e * ° 0 ) |. 

The next result shows that plumbing with S(L) is a kind of twisted blowup. 

Proposition 3.3 Let Ly —>Y be the orbibundle described in the previous para¬ 
graph. Then the manifold obtained by plumbing S(0(k ) © 0(m)) with a regular 
fiber of S(Ly) is diffeomorphic to S(0(k + 2) © 0(m + 1)). 

Proof: We may think of plumbing as the result of a surgery that matches the 
flat circles S 1 x pt, in the copy of S 1 x S 3 in S(0(k) © 0{m)) with the circles 
7 X in the neighborhood of a regular fiber 70 of S(Ly). We would get the same 
result if we matched the circles 

4 = | ( 9 , A'i (*)) G S 1 x S 3 : A? = ( ^ J ) | 

in S 1 xS 3 C S(0(k)®0(m)) with the circles 7 ' in the standard (Hopf) S 5 . But 
if we trivialize the boundary of S(0(k) © 0{m)) — D 2 x S 3 by the circles S x we 
get the same as if we trivialized the boundary of S(0(k + 1) © O(m)) — D 2 x S 3 
in the usual way by flat circles. Thus 

S(0(k) © 0(m)) # S{L y ) = S(0(k + 1) © 0(m)) # S(L can ) 

= S(0(k + 2) © 0(m + 1)). 

There is a question of orientations here: do we have to add or subtract 1 from k 
to compensate for the extra twisting in S(Ly)? One can check that it is correct 
to add 1 by using the present approach to give an alternate proof of the previous 
lemma. For, if we completely untwisted the circles in the neighborhood of 70 
(thereby increasing the twisting of the other side by an additional 2 ), we would 
be doing the trivial surgery in which the attaching map is the identity. Note 
also that because the sum 0(k)®0(m) depends only on k + mwe could equally 
well have put the extra twist on the other factor. □ 


20 



3.2 Structure of the pair (' Vj,Zj ) 

Our aim is to prove the following proposition, where Vj is the space of gluing 
parameters for a fixed J £ J -2 that describes the link of the space of (A — 2 F)- 
curves in the space of (pointed) .4-curves. 


Proposition 3.4 The link Cz of the zero section Zj in the stratified space Vj 
is constructed by plumbing S(0{— 3) © 0(— 1)) to S(Ly). Hence 


C z = S(0(- 1)0C). 


We are now not quite in the situation described in Proposition ^8| because 
we are including the open stratum j7o of J. This means that we have to replace 
the space Mk = M(A — kF,J) by a space Mo of curves of class A that go 
through the fixed point Xo■ Since we are interested in working out the structure 
of the fiber of the projection Mo — > J at a point J e J 2 , we will choose Xq so 
that it does not lie on the unique J-holomorphic (A — 2F) -curve A j and then 
define Mo to be the space M(A,Xo,J) in Definition 213. Let hq denote the 
projection 

7To : Mo —* J 

and set Mo{Jm) = tt J 1 ( J rn ) as before. It is not hard to see that the following 
analog of Proposition EA holds. 


Proposition 3.5 (i) Let J £ ff m be any almost complex structure such that the 
unique J-holomorphic (A — mF)-curve A j does not go through xo■ Then the 
projection 

7T/c : Mo(Jm) + fJra 

is a locally trivial fibration near J, whose fiber Fj( 0, m) is the space of all stable 
J-curves [£,u] in class A that have A j as one component and go through xo- 
In particular, Fj(0,m) is a stratified space whose strata are orbifolds of (real) 
dimension < 4m — 2. 

(ii) The singular fibers of 7 : Mo(fI m ) —> J m occur at points J for which 
xo £ A j. For such J, 7t ? 7 1 (J) can be identified with the space Tj(m) described 
in Proposition \ 2 . 4 


As before, we now construct a pair (Vj, Zj) that describes a neighborhood 
of Mo(Jm) in Mo- We will concentrate on the case to = 2 and will suppose 
that xo £ A j. We further normalize J by requiring that the projection 7 rj along 
the J-holomorphic P-curves is simply the projection onto the first factor S 2 . 
We write qo = ttj(xo)- 

§3.2.1 The bundle V 2 ,j —> ^ 2 ,j- 

Observe first that Zj has two subsets: Z\j consisting of all stable A-maps 
(£, ^ 0 ; h) that are the union of the (A — 2F)-curve A j with a double covering 
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of the fiber Fo through xo, and Z 2t j consisting of all stable A-maps [£,zo,h\ 
that are the union of Aj with two distinct fibers. We will call these sets Zij 
strata. This is accurate as far as Z 2y j is concerned, but strictly speaking Z\.j 
is a union of strata. (Recall that the strata are detemined by the topological 
type of the marked domain [E, zq\ , and the homology class of the images of its 
components under h.) 

Let us first consider Z 2 j. Since h(zo) = x$ always, one of the two fibers has 
to be F 0 and the other moves. Therefore, the stratum Z 2j j maps onto S 2 — {g 0 }. 
It is convenient to compactify Z- 2 j by adding a point cr* that projects to go- 
The domain E of cr» has 4 components with Eo,E 2 ,E 3 all meeting Ei and a 
marked point zq € E 3 . The map ho : Eo —> A j parametrizes A j as a section, 
hi takes Ei onto the point Fp H A j, and h 2 , /13 have image Fq with ho(zo) = Xq. 
The argument of Example 2.1C gives the following result. 


Lemma 3.6 The space V 2 ,j of gluing parameters over Z 2 j U {cr*} = S 2 is the 
bundle 0(— 2) ® C. 


§3.2.2 The stratum Z\ j 

This gives half of Cz- The other half comes from the link of the orbifold 
Z\ j in Vi,j. Thus the next step is to look at Z\^j. 

Let po , pi be two distinct points on Fo = S 2 , with po = Xq and p 1 = A j fl Fq . 
Then Z\ j is the orbifold 

Z hJ = Y = MoAS 2 ,Po,Pi,2) 

of all stable maps to S 2 with two marked points Zoi-Si that are in the class 
2[S' 2 ] and are such that h(zo) = Po, h(zi) = pi. We will also need to consider 
the space Afo,o(5' 2 , 2 ) of genus 0 stable maps of degree 2 into S 2 that have no 
marked points and the space 

Y = Mo,s,{S 2 ,po,Pi,P2^) 

of all degree 2 stable maps to S 2 with three marked points Zo, z±, z 2 such that 
h(z 0 ) = Po, h(zi) = pi, h(z 2 ) = p 2 . 

Lemma 3.7 (i) A4o,o(S 2 , 2) is a smooth manifold diffeomorphic to CP 2 . 

(ii) Y = A4o,3{S 2 ,Po,Pi,P 2 i 2) is a smooth manifold diffeomorphic to CP 2 . 

(in) The forgetful map f \Y —> Y may be identified with the 2-fold cover that 
quotients CP 2 by the involution r : [x : y : z] 1 —> [x : y : — z]. In particular, 
Y is smooth except at the point aoi = /([0 : 0 : 1]) that has the local chart 
C 2 /(x,y) = {—x,—y). This point ctoi is the stable map [S 2 , h, zo, z±] where the 
critical values of h are at po and pi. 
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Proof: (i) The space Afo,o(<5 2 ,2) has two strata. The first, <Si, consists of 
self-maps of S 2 of degree 2, and the second, S 2 , consists of maps whose domain 
has two components, each taken into S 2 by a map of degree 1. The equivalence 
relation on each stratum is given by precomposition with a holomorphic self-map 
of the domain. It is not hard to check that each equivalence class of maps in Si 
is uniquely determined by its two critical values (or branch points). Since these 
can be any pair of distinct points, Si is diffeomorphic to the set of unordered 
pairs of distinct points in S 2 . On the other hand there is one element a w of S 2 
for each point ui £ S 2 , the correspondence being given by taking w to be the 
image under h of the point of intersection of the two components. 

If a {x,y} denotes the element of Si with critical values {&, y}, we claim that 
a {x,y} a w when x, y both converge to w. To see this, let ht xy } : S ' 2 —► S 2 
be a representative of cr^ x y y and let at{ x ,y} be the shortest geodesic from x to 
y. (We assume that x,y are close to w.) Then t 9 }( a {i,v}) is a circle ”/{ x ,y} 
through the critical points of ht x ^ y y. This is obvious if hi Xjy y is chosen to have 
critical points at 0 , 00 and if x = 0 , y = 00 since hi XtV \ is then a map of the 
form z 1 —> az 2 . It follows in the general case because Mobius transformations 
take circles to circles. Hence hi x>y \ takes each component of S 2 — J{ x ,y} onto 
S 2 — as x y \. If we now let x, y converge to w, we see that cri x>y \ converges to 

(Jw • 

The above argument shows that J\4o,o{S 2 ,2) is the quotient of S 2 x S 2 by 
the involution (x,y) 1 —> (y,x). This is well known to be CP 2 . In fact, it is easy 
to check that the map 


H : ([x 0 : xi], [y Q : yi]) [x 0 y 0 : Xij/i : x 0 yi + x x yo - x 0 y 0 - Xij/i] 

induces a diffeomorphism from the quotient to CP 2 . Under this identification 
the stratum d >2 = H(diag) is the quadric (u + v + w) 2 = 4icu (where we use 
coordinates [u : v : w\ on CP 2 ). Further, if we put 

Po = [0 : 1 ], Pi = [l: 0 ], p 2 = [ 1 , 1 ], 

the set of points in Mo,o{S 2 ,2) = CP 2 consisting of maps that branch over p, 
is a line U, the image by H of ( S 2 x pi) U pi x S 2 . Thus 

to = [u = 0}, ti = {u = 0}, £ 2 = {w = 0}. 

Note finally that all stable maps in A4o.o(*S' 2 , 2 ) are invariant by an involution: 
for example the map z 1 —> z 2 is invariant under the reparametrization z 1 —> 
—z. Since all elements have the same reparametrization group, Afo,o('S' 2 ) 2) is 
smooth. However, this will no longer be the case when we add two marked 
points. □ 

(ii) Now consider the forgetful map 

030 : A4o,3(S 2 ,po,Pi,P2, 2) —> Mg,o(S 2 , 2). 
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For a general point of A4o,o(S 2 , 2), that is a point where neither branching point 
is at po, pi or p 2 , </> 3 o is 4 to 1. To see this, note that for i = 0,1,2, Zi can be 
either of the points that get mapped to p % which seems to give an 8 -fold cover. 
However, because h has degree 2, h is invariant under an involution 7 ^ of S 2 
that interchanges the two inverse images of a generic point. Hence the cover 
is 4 to 1, and the covering group is Z/2Z0Z/2Z. When just one branching 
point is at some Pi, 0 30 is 2 to 1 , and when both branching points are at some 
Pi, it is 1 to 1. This determines 0 39 . In fact, with the above identification for 
Mo,o{S 2 , 2) = CP 2 , 4>3o is the map 

030 : CP 2 -»• CP 2 : [x:y:z\ i-> [x 2 : y 2 : 2 2 ]. 

Note that the inverse image of S 2 = {4 uv = (u + v + w) 2 } consists of the 4 lines 

x ± y ± iz = 0. 

These components correspond to the 4 different ways of arranging 3 points on 
the two components of the stable maps in £ 2 - Note further that none of the 
points in A4o^(S 2 ,po,pi,p 2 , 2 ) are invariant by any reparametrization of their 
domains. Hence all points of this moduli space are smooth. □ 

(iii) Similar reasoning shows that the forgetful map 

020 : Y — A4o,2(<S' 2 ,po J Pi7 2) —> Mo,o{S 2 , 2) 

is a 2-fold cover branched over £q U t\. Hence we may identify Y as 

Y = {[u : v : w : t] € CP 3 : t 2 = uv} 

where the cover 020 : Y —> CP 2 forgets t. There is one point in Y that is 
invariant under a reparametrization of its domain, namely the point (Toi corre¬ 
sponding to the map h : S 2 —> S 2 that branches at po and pi. In the above 
coordinates on Y, 

<701 = 02 Von 4 ) = [0:0: 1:0], 

It is also easy to check that 

032 : (*S 2 , po, pi, P 2 , 2) = CP 2 * Y 

has the formula 

032 ( [x :y : z])= [x 2 : y 2 : z 2 : xy]. 

Since 0 32 oT([a: : y : z]) = 0 32 (: y : -z}) = 0 32 ([x : y : 2 ]), 0 32 is equivalent to 
quotienting out by r as claimed. □ 

§3.2.3 The bundle Vi.j —> Z\ t j. 

Now we consider the structure of the orbibundles of gluing parameters over 
Y = Mo t 3 (S 2 ,Po,Pi,P 3 , 2) and Z\ fJ =Y = Mo,2(S 2 ,p 0 ,pi,2). We will call the 
first L —>Y and the second Ly —> Y. In both cases the fiber at the stable map 
[S, h, Zi] is the tangent space T Z1 Y,. 
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Lemma 3.8 (i) The orbibundle L —> Y is smooth and may be identified with 
the canonical line bundle L can over Y = CP 2 . 

(ii) The oi'bibundle Ly —> Y is smooth except at the point er 01 . It can t> e 
identified with the quotient of L can by the obvious lift f of r. 

(Hi) The set S(Ly ) of unit vectors in Ly is smooth and diffeomorphic to S 5 . 
The orbibundle S(Ly ) —> Y can be identified with the quotient of S° by the 
circle action 

9-(x,y,z) = (e ie x,e ie y,e 2ie z). 

Proof: Since Y is smooth, the general theory implies that L is smooth. There¬ 
fore, it is a line bundle over CP 2 and to understand its structure we just have 
to figure out its restriction to one line. It is easiest to consider one of the lines 
x ± y ± iz = 0 that lie over 1 S 2 . Recall that a w £ S 2 is the stable map [£«,, h w \ 
with domain S^, = S 2 U w — w S 2 and where h is the identity map on each com¬ 
ponent. Suppose we look at the line in Y whose generic point has z\ on one 
component of Y, w and zq,Z 2 on the other. Then the bundle L has a natural 
trivialization over the set {w £ S 2 : w 7 ^ zo, zi, 22 }- It is not hard to check 
that this trivialization extends over the points z 0 , Z 2 but that one negative twist 
is introduced when z\ is added. The argument is very similar to the proof of 
Lemma |3.9| below, and is left to the reader. □ 

(ii) It follows from the general theory that Ly —> Y is smooth over the smooth 
points of Y. Moreover, at ctqi = [S' 2 , h] the automorphism 7 : S 2 —> S 2 such that 
h o 7 = h, 7 (zf) = Zi acts on T Zl S 2 by the map v 1—> —v. (To see this, note that 
we can identify S 2 with C U {00} in such a way that zo = Po = 0 , Zi = pi = 00. 
Then h(z) = z 2 , and y(z) = —z.) Hence the local structure of L at 001 is given 
by quotienting the trivial bundle D 4 x C by the map (x, y) x v 1—> (—a;, —y) x —v. 
This is precisely the structure of the quotient of L by f at the singular point. 
Moreover, we can identify S(Ly) with S 5 /r globally since Ly —> Y pulls back 
to L Y under the map Y —> Y. □ 

The quotient S 5 /r is smooth except possibly at the fixed points ( 2 , y, 0) of r. 
Since S(Ly) is smooth at these points, S(Ly) is smooth everywhere. It may be 
identified with S 5 by the map 

S(L y ) = S 5 /t -> S 5 : ( x,y,z ) i-*- {x^Jl + |z| 2 ,yy/l + |z| 2 ,z 2 ). 

The last statement may be proved by noting that the formula 
(z, V , z)^[x 2 :y 2 : z\ xy\ £ CP 3 

defines a diffeomorphism from the orbit space of the given circle action to 
CP 2 /r = Y. □ 

§3.2.4 Attaching the strata. 
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The next step is to understand how the two strata Vi,j and V2 ,j fit together. 
The two zero sections Z\.j and Z 2 j intersect at the point cr*. Recall that the 
domain E of cr* has 4 components with Eo, E2, E3 all meeting Ei and a marked 
point Zo G E3 . The map ho : Eo —» A j parametrizes A j as a section, h\ takes 
Ei onto the point x\ = ift) fl A j, and h 2 ,h 3 have image Fq with ft-3(zo) = xo- 
The stratum of Z\ j containing cr* consists just of this one point. Hence the 
local coordinates of cr* in Zy j are given by two gluing parameters (ao,ai). If 
we write Zij for the point E, n E j , these are 

(a 0 ,ai) where a 0 G T 2l2 Ei 0 T 2l2 E 2 , ai G T 2l3 Ei <g)T 2l3 E 3 , . 
Similarly, the local coordinates for a neighborhood of cr* in Vi,j are 

(b,a 0 ,ai) 

where (cio,ai) are as before and b G T 2Q1 E 0 0 X^Ei is a gluing parameter at 
the point 201 where the component E 0 mapping to A j is attached. On the 
other hand the natural coordinates for a neighborhood of cr* in V2,j are triples 
(w, b , a) where & is a gluing parameter at the point 203 where the component 
Eo that maps to A j is attached to the fixed fiber E3, w is the point where the 
moving fiber E2 (the one not containing 20) is attached to Eo and a is a gluing 
parameter at w. 

Lemma 3.9 The attaching map a at a * has the form (&, ao,ai) 1—> (u>b, &ao, bay), 
where b ^ 0 and ||fe|| is small. Here the map b k-> Wb identifies a small neighbor¬ 
hood of 0 in T 2ol E with a neighborhood of x 1 in A j in the obvious way. 

Proof: The attaching of Z- lr j to Z 2) j comes from gluing at the point 201 via the 
parameter b. Thus we are gluing the “ghost component” Ei to the component 
Eo that maps to A j in the space of stable A-curves that are holomorphic for a 
fixed J. (It is only when one glues at a 3 or ai that one changes the homology 
class of the curve A j and hence has to change J.) In particular, we can forget 
the components E2, E3 of the domain E of cr*, retaining only the points 212, 213 
on Ei where they are attached. Therefore we can consider the domain of the 
attaching map a to be the 2-dimensional space 

{[So Uz 0 i El, 212, 213, /ia; b] : b G C = T 2Q1 Eo ® T 2ol Ei}, 

and its range to be the space of all elements [Eo, <70, w, h&, J] where Eo = S 2 
and w moves in a small disc about X\. Here, the map /(a : Eo —> A j is fixed 
and parametrizes A j as a section. We can encode this by picking two points 
qi 1 q 2 in Eo that are different from q 3 = irj(xo) and then considering ft ,a to be 
the map that takes these two marked points to two other fixed points on A j. 
Thus the attaching map a is equivalent to the following map a' that attaches 
diffferent strata in the moduli space M.q^{S 2 ) of 4 marked points on S 2 : 

a' : {(E 0 U Ei, q 3 , q 2 , Z\ 2 , 213; b) : b G C} —> {(E 0 , qi, q 2 , 212,213) G A4o,4(<S' 2 )}. 
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Here, each E* is a copy of S 2 as before. On the left 91,92 are two marked 
points on Eo and z 12, Z13 are two marked points on Ei. On the right, we should 
consider the three points 91,52, Z13 to be fixed, while z\2 = w moves, since this 
corresponds to our previous trivialization of the neighborhood of cr* in V2,j- 
Thus a' may be considered as a map taking b to Wb = Z12 £ Aj. 

It remains to check that as b moves once (positively) around 0 , Wf } moves 
once positively around 213. This follows by examining the identification of the 
glued domain 

Ef, = (Eq — D(zqi)) U g i b (Ei — D{zq\)) 


with Eo = S' 2 . Observe that the two points 91,92 in Eo — D(zoi) and the single 
point Z12 in Ei — D(zoi) must be taken to the corresponding three fixed points 
on S 2 = Ei. Hence the identification on Eo — D(zqi) is fixed, while that on 
Ei — D(zoi) can rotate about Z13 as b moves. Hence, when b moves round a 
complete circle, so does Wb . It remains to check the direction of the rotation. 
Now, as we saw in Proposition 2 . 7 , as b moves once round this circle positively 
as seen from zqi, the point pb on dD(zoi) C Ei that is matched with a fixed 
point p on Eo - D(zoi) moves once positively round 8D(zqi). In order to line 
up pb with p, Ei must be rotated in the opposite direction, i.e. positively as 
seen from the fixed point Z13. Hence Wb rotates positively round Z13. 

To complete the proof of the lemma, we must understand how the gluing 
parameters do, a\ fit into this picture. Since nothing is happening in the vertical 
(ie fiberwise) direction, we may consider the cti to be elements of the following 
tangent spaces: 

0-0 £ T Z 12 Ei, ai £ T 213 El 


As b rotates positively, the image of a 0 in the glued curve rotates once positively 
in the tangent space of 212, and a\ £ T Wb Ei also rotates once with respect to 
the standard trivialization of the tangent spaces T Wb T,i C T(Ei)|£j( Zl2 ). Hence 
result. □ 


Proof of Proposition 3.4. 

We have identified the or bibundle Vi , j —* Zij with L —► Y and the bundle 
V2,j —f• Z2,j with 0 {— 2 ) ® C —> S 2 . The previous lemma shows that these are 
attached by first twisting to 0 (— 3 ) ® 0 {— 1 ) and then plumbing it to L. 
Hence 

£ 2 = 5(0(-3)®0(-l))# S(L y ) 


as claimed. The iden tification of the latter space with S( 0 (— 1 ) © C) follows 
from Proposition 3 . 3 . □ 


3.3 The projection Vj —> J 

In order to complete the calculation of the link £2,0 of J2 in J it remains to 
understand the projection Vj —> J. This is 1 -to-l except over the points of 
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J\. In V2 ,j it is clearly the points with zero gluing parameter at the moving 
fiber that get collapsed. Thus the subbundle R- of the circle bundle S(Lp ) —> 
P( 0 (— 2 ) ® C) that lies over the (rigid) section S- = P({ 0 } ® C) must be 
collapsed to a single circle. The subbundle R+ lying over the other section 
S+ = P( 0 (— 2 ) ® { 0 }) maps to a family of distinct elements in J\. 

The story on Vyj is, of course, more complicated. Here the points that 
concern us are the maps in £2 where the branch points coincide. Thus, if 
we identify A / lo,o(*S' 2 , 2 ) with CP 2 as in Lemma 3 . 7 , these are the points of 
the quadric Q = {(u + v + w) 2 = 4 uv}. Note that the attaching point er» G 
Mo,2(S 2 ,Po,Pi,2) sits over 


[1 : 0 : - 1 ] = h n Q € CP 2 = M 0 . 0 (S 2 , 2 ). 


The lift of Q to M.q^{S 2 , 2 ) has two components Q±, given by the inter¬ 
section Y fl H± where H± is the hyperplane 2 1 = ±(u + v + w). Since we can 
assign these at will, we will say that Q_ corresponds to elements with the two 
marked points zo, Z\ on the same component of Y w = Eo U w=w Ei and that Q+ 
corresponds to elements with zq,z± on different components. Then, when one 
glues at Z\ the resulting H-curve is the union of an (A — F)- curve with an F 
curve. It is not hard to check that the points on < 5 - give rise to a {A — F)-curve 
through xo , which is independent of w, while those on Q + give rise to a varying 
(A — F)-curve that meets the J^-holomorphic fiber through xq at the point w. 
Note that the intersection Q + H consists of two points, = [ 1 : 0 : — 1 : 0 ] 
(corresponding to er*) and = [0 : 1 : — 1 : 0 ]. Moreover, in the coordinates 
(a0, ai) of a neighborhood of cr* used in Lemma | 3 . 9 | above, 


{(a 0 ,ai) : a 0 = 0 } C Q-, {(a 0 ,ai) : ai = 0 } C Q+. 

This confirms that when V2,j <E> 0 (— 1 ) = 0 (— 3 ) ffi 0 {— 1 ) is plumbed to Vi,j, 
Q- is plumbed to the subbundle { 0 } ® 0 {— 1 ) corresponding to F_ and Q + is 
plumbed to the subbundle 0 (— 3 ) ffi { 0 } corresponding to R + . 

Let S(Q± ) —> Q± denote the restriction of S(Ly ) —> Y to Q±. Then the 
plumbing 0 (— 3 ) ffi 0 (— 1 ) ^ S(Ly) contains the plumbings F_ ^ 5 (Q_), and 
P+#F(Q+). 

Lemma 3.10 (i) R_ $ S(Q_) = S(C) = S 2 xS 1 and R+$ S(Q + ) = S( 0 (- 2 ). 

(ii) The subsets R-% S(Q-) and R + ^ S(Q+) of 0 {— 3 ) ffi 0 (— 1 ) ^ S{Ly) 
intersect in a circle. 

Proof: Since Q- and Q+ do not meet the singular point of Y. both bundles 
S(Q±) — > Q± have Euler number — 1 . Hence 

# 5 (Q_) = 5 ( 0 (-l)) # 5 ( 0 (-l)) = S( C) = S 2 x S\ 
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and 


R+ # S(Q+) = S(0(- 3)) # S(0(-1 )) = S(0(- 2)). 

This proves (i). To prove (ii) note that the inverse image (in S(Q±)) of the in¬ 
tersection point p* = [1 : 0 : — 1] of Q- with Q + disappears under the plumbing. 
But the other one remains. □ 

Proof of Theorem m 

It follows from part (i) of the preceding lemma that it is possible to col¬ 
lapse the subset R- ^ S(Q-) of Czz to a single circle. Moreover, it is not 
hard to see that under the identification of Czz = S(0(— 3) ® 0(— 1 )) ^ S(Ly) 
with S(0(— 1) © C), this collapsing corresponds to collapsing the circle bun¬ 
dle over the exceptional divisor. Since the intersection of R- ^ S(Q-) with 
R + ^ S(Q+) is a single circle, this collapsing does not affect R+ ^ S(Q+). Note 
that R+ ^ S(Q+) is the inverse image of some 2-dimensional submanifold of 
CP 2 . Because R + ^ S(Q + ) = S(0(— 2) this submanifold must be a quadric. □ 


4 Analytic arguments 

In §4.1 we prove the (easy) Lemmas |2.2| . §4.2 contains a detailed analysis of 
gluing. The exposition here is fairly self-contained, though some results are 
quoted from [MS] and [FO]. 


4.1 Regularity in dimension 4 

The theory of J-holomorphic spheres in dimension 4 is much simplified by the 
fact that any J-holomorphic map h : S 2 —> X that represents a class A with 
A ■ A > — 1 is regular, i.e. the linearized delbar operator 

Dh : W 1,p (h*(TX)) L p (a°j’\S 2 ) © /i*(TX)) 


is surjective. This remains true even if h is a multiple covering. (For a proof see 
Hofer-Lizan-Sikorav [HLS]. The notation is explained in §3.1 below.) Therefore, 
regularity is automatic: one does not have to perturb the equation in order to 
achieve it. The analogous statement when A ■ A < —1 is that Coker Dh always 
has rank equal to 2 + 2 A-A. As is shown below, this almost immediately implies 
that the Jk are submanifolds of J. 


Proof of Lemma 2.2 


We begin by proving that Jk is a Frecliet manifold. This is obvious when 
k = 0, since Jo is an open subset of J. For k > 0, let Ck denote the space 
of all symplectically embedded spheres in the class A — kF, and let Ck(J) be 
the bundle over Ck whose fiber at C is the space of all smooth almost complex 
structures on C that are compatible with u>\c- Then CJJ) fibers over Ck and 
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it is easy to check that both spaces are Frechet manifolds. (Note that Ck is an 
open submanifold in the space of all embedded spheres in the class A — kF. 
Because these spheres are not parametrized the tangent space to Ck at C is the 
space of all sections of the normal bundle to C.) Further Jk fibers over Ck{J) 
with fiber at (C, J\c) equal to all w-conrpatible almost complex structures that 
restrict to J on TC. This proves the claim. 

To see that 7Tj, is bijective when k > 0 note that each J € Jk admits a 
holomorphic curve in class A — kF by definition, and that this curve is unique 
by positivity of intersections. A similar argument works when k = 0 since the 
curves in Ai(A,J) are constrained to go through x 0 - Hence Aik inherits a 
Frechet manifold structure from Jk- 

To show that Jk is a submanifold of J when k > 0 we must use the theory 
of J-holomorphic curves, as explained in Chapter 3 of [MS] for example. Let 
Ail, J^, J s denote the similar spaces in the C s -category for some large s. These 
are all Banach manifolds. It is easy to check that the tangent space TjJ s is the 
space End(TX,u>, J) of all (7 s -sections Y of the endomorphism bundle of TX 
such that 

JY + YJ = 0, u{Yx,y) = u{x,Yy). 

These conditions imply that u(Yx,x) = u>(Yx,Jx) = 0 for all x. It follows 
easily that Y is determined by its value on a single nonzero vector x that it 
has to take to the w-orthogonal complement to the J-complex line through x. 
Observe further that there is an exponential map 

exp : TjJ s -► J s 

that preserves smoothness and is a local diffeomorphism near the zero section. 

Next, note that the tangent space T^ hJ ]Ai s k is the quotient of the space of 
all pairs (£, Y) such that 

Dh(l ;) + odhoj = 0 (*) 

by the 6-dimensional tangent space to the reparametrization group PSL(2, C). 
Here j is the standard almost complex structure on S 2 and Dh is the lineariza¬ 
tion of the delbar operator that maps the Sobolev space of H / lj '-smooth sections 
of h*(TX) to anti-J-holomorphic 1-forms, viz: 

Dh : W^ P {S 2 , h*(TX)) -f L P (A 0 /(S 2 , h*{TX)), (1) 

where the norms are defined using the standard metric on S 2 and a metric on 
TX. 

In [HLS], Hofer-Lizan-Sikorav show how to interpret elements of Ker Dh and 
of Ker Dh* (where Dh* is the formal adjoint) as J-holomorphic curves in their 
own right. Using the fact that the domain is a sphere and that X has dimension 
4, they then use positivity of intersections to show that KerDh is trivial when 
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k > 0, i.e. it consists only of vectors that generate the action of PSL(2, C). 
Hence Ker Dh* is a bundle over M. s k = J k of rank 4fc — 2 = — index Dh, and it 
is not hard to see that it is isomorphic to the normal bundle of J k in J s . In 
other words 

TjJ s = TjJ% © Ker Dh*. 

To see this, observe that the map 

l : Y —Y o dh o j (2) 

maps TjJ s onto the space of C s -sections of A °j 1 (S 2 ,h*(TX)), and that the 
kernel of this projection consists of elements Y that vanish on the tangent bundle 
to the image of h and so lie in TjJ k whenever [h,J\ € M s k . It follows from 
equation above that the image of TjJ k under this projection is precisely 
equal to the image of Dh, and so has complement isomorphic to Ker Dh *. (For 
more details on all this, see the Appendix to [A].) 

It now remains to show that Jk is a submanifold of J whose normal bundle 
has fibers Ker Dh*. This means in particular that the codimension of Jk is 
—ind Dh = 4fc — 2. We therefore have to check that each point in Jk has a 
neighborhood U in J that is diffeomorphic to the product (U PI Jk) x R 4A:_2 . 
It is here that we use the exponential map exp. Clearly, one can use exp to 
define such local charts for J k in J s . The point here is that the derivative 
of the putative chart will be the identity along (U H J k ) x {0} and so by the 
implicit function theorem for Banach manifolds will be a diffeomorphism on 
a neighborhood. Then, because Ker Dh* consists of C°° sections when J is 
C°° and because exp respects smoothness, this local diffeomorphism will take 
(U fl Jk) x R 4fe-2 onto a neighborhood of J in J. □ 


4.2 Gluing 


The next task is to complete the proof of Propositions 2.7 and 2.11. The stan¬ 
dard gluing methods are local and work in the neighborhood of one stable map, 
and so our main problem is to globalize the construction. The first step in doing 
this is to show that one can still glue even when the elements of the obstruc¬ 
tion bundle are nonzero at the gluing point. We will use the gluing method 
of McDuff-Salamon [MS] and Fukaya-Ono [FO]. Much of the needed analysis 
appears in [MS] but the conceptual framework of that work has to be enlarged 
to include the idea of stable maps as in Hofer-Salaomon [HS]. No doubt the 
other gluing methods can be adapted to give the same results. 

Our aim is to construct a gluing map 

G ■Mv(Z) ->M(A-kF,J) 

where Z = A4(A — kF , J m ) is the space of stable maps in class A — kF with one 
component in class A — mF , and ATp(Z) is a neighborhood of Z in the space V of 
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gluing parameters. Choose once and for all a (4m — 2)-dimensional subbundle K 
of TJ\ Jm that is transverse to J m . As explained in §3.1 above the exponential 
map exp maps a neighborhood of the zero section in K diffeomorphically onto 
a neighborhood of J m in J . For each J £ J m let 


ICjCJ 


be the slice through J (i.e. the image under exp of a small neighborhood Afj(K) 
of 0 in the fiber of K at J). We shall prove the following sharper version of 
Proposition 2.11. 


Proposition 4.1 Fix J £ J rn and let Afv(Zj) be the fiber of the map A/y(Z) —> 
Jm at J. Then, if the neighborhood J\fv{Z) is sufficiently small, there is a 
homeomorphism 

Qj : A r v {Zj) —> M{A - kF , JCj) 

onto a neighborhood A i(A—kF, J) in M(A—kF, ICj). Moreover, the union of all 
the sets ImQj, J £ J m , is a neighborhood of SA(A — kF,J m ) in A4(A — kF, J). 


Let 7 tj : J\fv(Zj) —► Zj denote the projection. We will first construct the 
map Qj in the fiber at one point a = [£ CT , h a , J] of Zj and then how to fit these 
maps together to get a global map over A fv{Zj) with the stated properties. 
For the next paragraphs (until §4.2.4) we will fix a particular representative 
h a : — > X of a, and we will define Q as a map into the space of parametrized 
stable maps. In order to understand a full neighborhood of a we will have to 
glue not only at points where the branches meet the stem So but also at points 
internal to the branches. Therefore, for the moment we will forget the stem- 
branch structure of our stable maps and consider the general problem of gluing, 
at the points Zi £ S^o D £;i with parameter 


a — ®idi £ T Zi T,io (g> 

i 


§4.2.1: Construction of the pregluing h a 

We showed in Proposition 2.11 above how to construct the glued domain £ a . 
Since this construction depends on a choice of metric on E, we must assume 
that the domain E of each stable map is equipped with a Kahler metric that 
is flat near all double points and is invariant under the action of the isotropy 
group r^. Fukaya-Ono point out in [FO] §9 that it is possible to choose such a 
metric continuously over the whole moduli space: one just has to start at the 
strata containing elements er with the largest number of components, extend 
the choice of metric near these strata by using the gluing construction (which 
is invariant by r CT ) and then continue inductively, strata by strata. In what 
follows we will assume this has been done. We will also suppose that the cutoff 
functions \r used to define £ a have been chosen once and for all. 
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The approximately holomorphic map h a : E a — * X is defined from h a by 
using cutoff functions. As before, we write u or simply r instead of y/||aj||. 
Hence if R is as in [FO] or [MS], r = 1/R. We choose a small S > 0 once and 
for all so that r/5 is still small. [] Set Xi = h a (zi). Then, for a = 0,1 define 

h a {z ) = h a (z) for 2 G E ia - D“ (2r/5) 

= Xi for z G £>“ {r/5) - £>“. (r) 

and interpolate on the annulus D“(2r/5) — D°.(r/S) in E, a by setting 
h a (z) = exp Xi (p(5\z\/r)£ ia (z)), 

where p is a smooth cut-off function that equals 1 on [2, oo) and 0 on [0,1], and 
the vectors £i a (~) £ T Xi X exponentiate to give h a (z) on E* a : 

K{z) = exp Xi (£ia(z)), for z G D“.(2r/6). 

The whole expression is defined provided that 2 r/S is small enough for the 
exponential maps to be injective. 

Later it will be useful to consider the corresponding map h a ^ r with domain 
E. This map equals h a on E — Uj )Q D“ (?y) and is set equal to Xi on each disc 
D“. (r,). Note that h atT . : E —> X converges in the W l J '-norm to h a as r —> 0. 

§4.2.2 Construction of the gluing Q(h a ,a). 

Let 

A r 0 (W a ) =Wo((tT 1 ’P(E a ,ft.;(TA))) 

be a small neighborhood of 0 in W /1,P (E 0 , h* a {TX))). Note that, if E a has several 
components E a ,j, the elements a of W a can be considered as collections of 
sections in W 1,p (E aii j, ( h a j)*(TX )) that agree pairwise at the points Zi. (This 
makes sense since the are continuous.) Further, we may identify Mo(W a ) 
via the exponential map with a neighborhood of h a in the space of W 1,p -maps 
E 0 —> X. We will write h a ,£ for the map E a —>• X given by: 

ha,dz) = exp ha ( z ){£{z)), zGE„. 

Recall that Afj(K) is a neighborhood of 0 in the fiber of K. Given Y G 
Afj(K) we will write Jy for the almost complex structure exp(Y) in the slice 
ICj. Now consider the locally trivial bundle £ = E a —> No (Wo) x Nj(K) whose 
fiber at (£, Y ) is 

% Y) =L p (A°’ 1 (E a )® Jy / l ; i? (TA)). 

We wish to convert the pregluing h a to a map that is J^-holomorphic for some 
Y by using the implicit function theorem for the section J~„ of £ a defined by 

_Aa(£, Y) = dj Y (h a , C ). 

3 The logic is that one chooses S > 0 small enough for certain inequalities to hold, and 
then chooses r < ^(5). See Lemma [4.7] below. 
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Note that F a (^,Y) = 0 exactly when the map h a ,£ is Jy-holomorphic. 

The linearization C(F a ) of T a at (0, 0) equals 

C(F a ) = D(ha) © ta : W 1 * (h* a (T X)) © K - L p (A 0,1 (E a ) h* a (TX)), 

where t a is defined by t a {Y) = \Y o dh a °j as in equation (|j) in §4.1. 

Lemma 4.2 Suppose that there is a continuous family of right inverses Q a to 
C(J- a ) that are uniformly bounded for ||a|| < ro- Then, there is r i > 0 such that 
for all a satisfying ||a|| < r± there is a unique element (£ a ,Ya) £ ImQ a such 
that 

Fa(.ta,Y a )= 0. 

Moreover, (£ a ,Pa) depends continuously on the initial data. 


Proof: This follows from the implicit function theorem as stated in 3.3.4 of 
[MS]. It also uses Lemma A.4.3 of [MS]. See also [FO] §11. □ 

We will construct the required family Q a in §4.2.3. By the above lemma, 
this allows us to define the gluing map. 

Definition 4.3 We set G(h a ,a) = (E a , h a ^ a , Jy a ) where (£„, Y a ) is the unique 
element in the above lemma. Further G(h a ,a)\ = [£ a , h a ^ a , Jyj- 

The next proposition states the main local properties of the gluing map G ■ 

Proposition 4.4 Each a £ Zj has a neighborhood ATv(a) in Vj such that the 
map 

A/y(cr) —* M{A — kF,JCj) : (a',a') i-> Q{h a ',a ) 

takes Afp(a) bijectively onto an open subset in Ai {A — kF,ICj). Moreover this 
map depends continuously on J £ J m . 


Proof: This is a restatement of Theorem 12.9 in [FO]. Note that the stable map 
G(h a ’,a') depends on the choice of representative of the equivalence 

class a' = [£', h a '}. However, it is always possible to choose a smooth family of 
such representatives in a small enough neighborhood of <j in Zj. (This point 
is discussed further in §4.2.4.) Moreover, if a is an orbifold point (i.e. if T a is 
nontrivial), then h a is r^-invariant and one can define G so that it is equivariant 
with respect to the natural action of r CT on the space of gluing parameters a 
and its action on a neighborhood of a in the space of parametrized maps. The 
composite G of G with the forgetful map is therefore r CT -invariant. (Cf. the 
discussion before Lemma 4.9.) This shows that G is well defined. 

One proves that it is a local homeomorphism as in [FO] §13, 14, and we will 
say no more about this except to observe that our adding of K to the domain 
of Dh a is equivalent to their replacement of the range of Dh c , by the quotient 
LP/ia(I<). J □ 


34 



§4.2.3 Construction of the right inverses Q a 


This is done essentially as in A.4 of [MS] and §12 of [FO]. However, there are 
one or two extra points to take care of, firstly because the stem of the map h a is 
not regular, so that the restriction of Dh a to So is not surjective, and secondly 
because the elements of the normal bundle K —> J m do not necessarily vanish 
near the points Xi in X where gluing takes place. 

For simplicity, let us first consider the case when S has just two components 
So, Si intersecting at the point w, and that h a maps So onto the (A — kJ)- 
curve A j and Si onto a fiber. (For the general case see Remark 4.8.) Then the 
linearization of dj at h a has the form 


DK : W^ p { S, K(TX)) -4 L P (A°’ 1 (S) ® h*{TX)). 


Here the domain consists of pairs (foj£i)> where is a TF 1 ’ p -smooth section of 
the bundle h*. (TX) —+ S J5 subject to the condition 

£o(w) = €i(w), 


and the range consists of pairs of L p -smootli (0, l)-forms over S ? with values in 
/i* . (TX) and with no condition at w. For short we denote this map by 


DK : W„ 


LfTQ 0 L(7i • 


Recall from the discussion before Proposition 4.1, that we chose K so that 


Dh c , Q © io : W&Q ©A —> L ao . 


is surjective and to : K —> L ao is injective. (All maps t are defined as in 
equation (Q): it should be clear from the context what the subscripts mean.) 

Lemma 4.5 There are constants c, ro > 0 so that the following conditions hold 
for all r < ro-' 

(i) t a is injective for all ||a|| < r; 

(ii) the projection prK ■ L ao —> K that has kernel Im D ao and satisfies prK°io = 
id k has norm < c; 

(Hi) for all Y £ K and j = 0,1 



where D J w (r ) is the disc in Ej on which gluing takes place and integration is 
with respect to the area form defined by the chosen Kahler metric on . 


Proof: There is c so that (ii) holds because Im D ao is closed and Im to is finite 
dimensional. Then there is ro = ro(c) satisfying (i) and (iii) since the elements 
of K are C^-smooth (as are the elements of J). □ 
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Lemma 4.6 The operator 


Dh a © (t 0 , Li) : W a © K * LfjQ © L ai , 


is surjective and has kernel ker Dh. a . 


Proof: 


We know from the proof of Lemma 2.2 that 


DK 0 © : ^(Eo, K q (TX)) L^A 0 ’ 1 ^) ©j h* 0 (TX)) = L ao , 


is surjective. Similarly, Dh ai is surjective. Therefore, to prove surjectivity 
we just need to check that the compatibility condition £o(w) = £i(w) for the 
elements of W a causes no problem. However, the pullback bundle h* ai TX splits 
naturally into the sum of a line bundle with Chern class 2d (where d > 0 is 
the multiplicity of h a , i) and a trivial line bundle, the pullback of the normal 
bundle to the fiber Imh ai . Hence there is a element of ker Dh ai with any 
given value fi(ru) at w. The result follows. Note that an appropriate version 
of this argument applies for all a , not just those with two components, since 
there is just one condition to satisfy at each double point z of E and the maps 
ker Dh aj —► C 2 : £ h- > £( 2 ) are surjective for j > 0. The second statement holds 
because to is injective. □ 

Note that the right inverse Q a to Dh cT © (to,ti) is completely determined 
by choosing a complement to the finite dimensional subspace ker Dh a in W a . 
Consider the composite 


P^c tq • © L ( j 1 > L ao > A 

where the second projection is as in Lemma |4.5| (ii). The fiber (p?V 0 ) - 1 (y) at 
Y has the form (lmDh ao + to(E)) © L ai , and we write 

Q Y a :lmDh ao ®L ai + (t 0 (F), ti(P)) - W a 

for the restriction of Q a to this fiber. 

We now use the method of [MS] A.4 to construct an approximate right 
inverse Q a ,a PP to 


C{T a ) = Dha © la - Wa® K -»• L a , 

where 

W a = W 1,p (h*(TX)), L a = L p ( A 0 ’ 1 (E o ) ©j h* a (TX)). 

It will be convenient to use the approximations h a , r : S CT —> X to ha that were 
defined at the end of §4.2.1 where r 2 = ||a||. We write h aj}r for the restriction 
of h<j tr to the component Ej. Since h a , r converges W 1,p to h a as r —> 0, Dh a ^ r 
has a uniformly bounded inverse 

Qa,r ■ L a0t r © L ai ^ r —> W a ^ r © K. 
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(In the notation of [MS], Q a ,r = Qu R ,v R -) As above there is a projection pr a0:r : 
L ao © L ai —► K and we write Q\ r for the restriction of Q a , r to the fiber over 
Y. 

As a guide to defining Q a ,app consider the following diagram of spaces 

bhcr,? 1 © -A < L(j 0 ^ r © Lty^^r 

I T 

W a ®K L a . 

where the maps are given by: 

(Zo,Si,Y) 2 ^ {vo,Vi) 

l T 

{i,Y)&W a ®K Q ^ p r] £ L a . 

We define the horizontal arrow Q a ,a PP by following the other three arrows. Here 
77 a, for a = 0,1, is the restriction of rj to T, a , a — D“(r) extended by 0 as in 
[MS]. Note that the r] a are in L p even though they are not continuous. Next, 
decompose 


VO — VO A ©o, r (^) ^ (ImZl cr o,T') d“ ©o,r(A) Lfj or 
77l = Vl A 7 , CTi,r(I' ) £ A C r 1 ,r- 


Then (£ 0 ,£i) = QZ r(vbiVi)- Note that £o(w) = £1 (w) = v say. We then define 
the section £ by putting it equal to £ Q on E a — D“(r/8) for a = 0,1 and then 
extending it over the neck using cutoff functions so that it equals £0 + £1 — v on 
the circle 9D° (r) = d D}„{r) C E a . In the formula below we think of the gluing 
map dt a of Proposition 2.11 as inducing identifications 


: H 0 = D° (r/5) - Z>° 0 ) D Z{ r ) - D^(rS), 

T q : A, = D°(r) - D°(r6) D'Jr/S) - D^r). 


Then £ is given by 


/ £o(~) + (1 ~ P{z8/r))^!^ a (z)) - v) if z £ H 0 , 
1 £iOMz)) + (1 - P(z/r)(£ 0 (z ) -v) if z £ Hi 


where (3 : C —> [0,1] is a cutoff function that = 1 if |z[ < <5 and = 0 for |z| > 1. 

The next lemma is the analog of Lemma A.4.2 in [MS]. It shows that Q a ,a PP 
is the approximate inverse that we are seeking. The norms used are the usual 
L p -norms with respect to the chosen metric on and the glued metrics on Y, a . 
Note that we suppose that the metrics on £ 0 agree with the standard model 
Xr-(M)|<&r | 2 on the annuli Df(r/S) — Df{r5) (where r = ||a|| 2 ) so that is an 
isometry. 


37 



Lemma 4.7 For all sufficiently small S there is r(S) > 0 and a cutoff function 
ft such that for all i) G L a , ||ajj| < r(S) 2 , we have 

II {Dh a © La)Qa,appV ~ V\\ < ^IM|- 
Proof: It follows from the definitions that 

(Dh a ® ^a)Qa,appV V 

on each set T,j — D 3 w (r/5). (Observe that h a ^ a = h a on this domain so that 
b a . a = to here.) Therefore, we just have to consider what happens on the 
subannuli 

A 0 = D°Jr/S) - D° w (r), = -A (D°Jr) - D°JrS)) 

of £ a . In this region the maps h a ^ a as well as the glued map h a are constant 
so that the maps L ajta ,b a are constant. Further, the linearizations Dh ajta and 
Dh a are all equal and on functions coincide with the usual 9-operator. We will 
consider what happens in \E' a ( J 4i), leaving the similar case of Aq to the reader. 
It is not hard to check that for z € A i 

Dh a (£ 0 (z)) = r/o(z) = -b a (Y), 

DhafaiVaZ)) = ffff^aZ). 

Let us write ft r for the function /3 r (z) = ft(z/r). Then, if r 2 = ||a|| and (f,Y) = 
Qa.appV, we have for z G A 1 

(Dh a Z + i a Y-r))(* a z) = rfff^az) + (1 - ft r )(-b a Y - Dh a (v))(z) - 

d(ftr) ® (£o - v)(z) + (b a Y - riff'&az) 

= (ft r - l)(fc„y + Dh a (v))(z ) - d(Pr) ® (£ 0 - v)(z). 

Therefore, taking the L p -norm 

|| ( Dh a f + baA — rf) O H/alliP©! ^ ||ta(y)||LP©i + \\Dh a (v))\\LP ,A 1 + 

\\d(Pr) ® (£o - ^Hlp.Ax- 

If r is sufficiently small we can, by Lemma ||li| suppose that ||i 0 (y)||ip,Ai < 

11 77 11 / 12 . Moreover, because v is a constant section Dh a acts on v just by its 
zeroth order part and so there are constants ci, C 2 such that 

\\Dh a (v))\\ L P tAl < ci||u||(areaAi) 1/p < c 2 \\v\\r 2/p . 

Furthermore, by [MS] Lemma A. 1.2, given any e > 0 we can choose 5 e > 0 and 
ft so that 

II d(ftr) ® (£<) ~~ v)\\ L r,Ai < £ Uo ~ *>|| W^p , 
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for all 6 < 5 S . Hence 
II Dh a £, + to 4 — 


< (c 2 r 2 ^ + e)(\\v\\ + U 0 -v\\ w ^) + M/12 

< c 3 {r 2 / p +e){\\{i 1 , 0 ,ri[)\\ LP + ||r?||/12 

< C4(r 2 /P +£ )(||( ??0 , 7?1 )|| LP + || ?? ||/12 

= (c 4 (r 2/p + e) + 1/12) ||??||, 

where the second inequality holds because of the uniform estimate for the right 
inverse r and the third inequality holds because the projection of L a0tr ®L aliT . 
onto the subspace Im Dh a ^ r ® L ai ^ r is continuous. Then if we choose 5 e so small 
that c 4 e <1/12 and r << 5 e so small that c 4 r < 1/12 we find 

II (Dha£ + Lay - rj)o d'olliP^! < 1/4|| 77 II - 


Repeating this for A 0 gives the desired result. 

Finally, we define the right inverse Q a by setting 


Qa 


Qa,app [(Dh a ® La)Qa,app) 


-1 


□ 


It follows easily from the fact that the inverses Q a , r are uniformly bounded for 
0 < r < ro that the Q a are too. 

It remains to remark that the above construction can be carried out in such 
as way as to be To-equivariant. The only choice left unspecified above was that 
of the right inverse Q a ,r ■ This in turn is determined by the choice of a subspace 
R crr of 

EX.rC^O) 

complementary to the kernel of Dh a r . But since T CT is finite, we can arrange 
that R a ,r is r CT -equi variant. For example, since Dh a r is a finite-dimensional 
space consisting of C°° sections, we can take R a<r to be the L 2 -orthogonal 
complement of Dh a r defined with respect to a r CT -invariant norm on h* r (TX)f| 
Note that because h a ^ r = h a ^ r 07 for 7 GT a , we can obtain a r CT -invariant norm 
on h* ar (TX ) by integrating the pull-back by h a<r of any norm on the tangent 
bundle TX with respect to a T^-invariant area form on the domain S CT . We can 
achieve this uniformly over Zj by choosing a suitable metric on each domain 
as described at the beginning of §4.2.1. 


4 As pointed out in [FO], the map 

3 

is well defined whenever ei,..., e p is a finite set of C^-smooth sections. 
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Remark 4.8 If one is gluing two branch components E^., j = 0,1 of E then 
both linearizations Dht j are surjective and one can construct the inverse Q a to 
have image in W a , thus forgetting about the summand K. The general gluing 
argument combines both these cases. If one is gluing at N different points then 
one needs to choose r so small that one has an inequality of the form 

II Dh a £ + b a Y - rj\\ L P tA < 1/41V|MI- 

on each of the 2IV-annuli A. Note that the number of components of E is 
bounded above by some number that depends on m (where J £ Jm)- Hence 
there is always ro > 0 such that gluing at a is possible for all r < ro, provided 
that one is looking a family of parametrized stable maps a = (E, h a , J) that is 
compact for each J and where J £ J m is bounded in C^-norm. 

This completes the proof of Lemma [b^ and hence of Proposition 

§4.2.4 Aut K (E)-equivariance of Q 

Note that there is an action of S 1 on the pair ( h a ,a ) that rotates one of the 
components (say Ei) of E = Eo U Ei fixing the intersection point w = Eo n Ei. 
We claim that by choosing an invariant metric on E we can make the whole 
construction invariant with respect to the action of this compact group, i.e. so 
that as unparametrized stable maps 

[E a , Q(K, a)] = [Eg. a , G(h a ■ 0 _1 ,0 ■ a)]. 


1.4 


For then there is an isometry ?/’ from the glued domain E a to E g. a such that 


h a = hg. a ot/j, 

where h e b denotes the pregluing of h e a = h a ■ 9~ x with parameter b. There is a 
similar formula for the maps h ar . It is not hard to check that the rest of the 
construction can be made compatible with this S 1 action. It is important here 
to use the Fukaya-Ono choice of i? CT ,r as described above, instead of cutting 
down the domain of Dh fixing the images of certain points as in [LiT], [LiuTl], 
[Sieb]. 

More generally, consider a parametrization a = (E, h) and an arbitrary 
element a £ Zj. Recall that a component of E is said to be unstable if it 
contains less than three special points, i.e. points where two components of E 
meet. Each unstable branch component has at least one special point where it 
attaches to the rest of E and so the identity component of its automorphism 
group has the homotopy type of a circle. Therefore, if there are k such unstable 
components, the torus group T k is a subgroup of Aut(S). It is not hard to see 
that if the automorphism group T^ of a is nonzero, we can choose the action 
of T k to be r^-equivariant so that the groups fit together to form the compact 
group Aut K (E) of Definition 2.1. 
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Note further that if (E',/i/) is obtained from a = (E, ft.) by gluing, then 
Aut A (S') can be considered as a subgroup of Aut K (E). To see this, suppose for 
example that E' is obtained by gluing E* to Ewith parameter a, and that both 
these components have at most one other special point. Then we can choose 
metrics on Ej U E j i that are invariant under an S 1 action in each component 
and so that the glued metric on E a is invariant under the action of an S 1 in 
Aut K (S'). Note that the diagonal subgroup S ' 1 x S 1 of Aut A (E) acts trivially 
on the gluing parameters at the double point Ej n E j i since it rotates in opposite 
directions in the two tangent spaces. It is now easy to check that if we write 8 
for the image of 9 £ S 1 in the diagonal subgroup of S 1 x S 1 then 

(E a , ft/ 08 ) = (E a ,G(h, a) o 8 ) = (E a ,G(h o 6 , a)). 

Observe also that if & is a gluing parameter at the intersection of E t with some 
other component E*. of d, then it can also be considered as a gluing parameter 
for o'. Moreover under this correspondence 8 ■ b corresponds to 8 ■ b. 

These arguments prove the following result. 

Lemma 4.9 Let a = (E ,h) and suppose that the metric on E is Aut Ar (E)- 
invariant. Then the following statements hold. 

(i) The composite Q of Q with the forgetful map into the space of unparametrized 
stable maps is Aut A (E) -invariant. 

(ii) Divide the set P of double points of E into two sets Pb,P s and corre¬ 
spondingly write the gluing parameter a as ab + a s . Suppose that (S' ,h') = 
(E ab ,G(h,ab)), and consider a s as a gluing parameter at o'. Then one can 
choose metrics and choose the groups Aut A (E), Aut A (E / ) so that there is an 
inclusion 

Aut A (S') Aut Ar (E) : 8^8 

such that 

(E ab ,ti o 0 -1 ; 8 ■ a s ) = (£ ab ,G(h ° 8 ~ 1 ,a b );8 ■ a s ). 

Further, this can be done continuously as ab (and hence h') varies, and smoothly 
if E aj) varies in a fixed stratum. 


Remark 4.10 In their new paper [LiuT2] §5, Liu-Tian also develop a version 
of gluing that is invariant with respect to a partially defined torus action. 

§4.2.5 Globalization 

The preceding paragraphs construct the gluing map Q(h a ,a) over a neigh¬ 
borhood A f(o) of one point o € Zj. We now show how to define a gluing map 
Gj '■ A fv(Zj) —> A4(A — kF , Kj) on a whole neighborhood A fp{Zj) of Zj in the 
space of gluing parameters Vj. The only difficulty in doing this lies in choosing 
a suitable parametrized representative s(o) = (E, h CT ) of the equivalence class 
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cr = [Y,h] as c 7 varies over Zj. In other words, in order to define Q(h c ,,a) we 
need to choose a parametrization h a : E —> X of the stable map cr, and now 
we have to choose this consistently as a varies. We now show that although we 
may not be able to make a singlevalued choice s(a) = h a continuously over Zj 
we can find a section that at each point is well defined modulo the action of a 
suitable subgroup of Aut A (E). More precisely, we claim the following. 


Lemma 4.11 We may choose a continuous family of metrics g a on E CT for 
cr £ Zj and a family of parametrizations s(cr) for each a £ Zj such that 

(i) s(a) consists of a G a -orbit of maps h a : —> X and g a is G„-invariant, 

where G a C Aut A "(E); 

(ii) the assignment cr —> s(cr) is continuous in the sense that near each a there 
is a (singlevalued) continuous map cr —> h a £ s(cr) whose restriction to each 
stratum is smooth. Moreover, g(cr) varies smoothly on each stratum. 


Proof: The strata in Zj can be partially ordered with S' < S if there is a 
gluing that takes an element in the stratum S to that in S' , i.e. if the stratum S 
is contained in the closure of S'. If S is maximal under this ordering and a £ S, 
then each branch component in E is mapped to a fiber by a map of degree < 1. 
It is easy to check that in this case there is a unique identification of the domain 
E ct with a union of spheres such that the map h a is either constant or is the 
identity map on each branch component and a section on the stem: cf. Exam¬ 
ple 2.10. We assume this done, and then extend the choice of parametrization 
to a neighborhood of each of these maximal strata by gluing. 

We now start extending our choice s(cr) = h a of parametrization to the 
whole of Zj by downwards induction over the partially ordered strata. Clearly 
we can always choose a parametrization modulo the action of Aut A (E). In order 
for the image of the fiber rrj (a) = {(a, a) : |a| < e} under the gluing map to 
be independent of this choice, we need the metric g a on E CT to be Aut A (E CT )- 
invariant. This choice of metric can be assumed to be smooth as cr varies in 
a stratum. However, it cannot always be chosen continuously as cr goes from 
one stratum to another. For example, if a has one component E* with 3 special 
points at 0 , 1 , oo and that is glued to some component Ej, at 1 with gluing 
parameter a, then the resulting component S a is unstable if Ehas no other 
special points. But for small |a| the metric on E a is determined by the metrics 
on E = E,; U E j t by the gluing construction and cannot be chosen to be S 1 - 
invariant. On the other hand, if both E* and E Ji: have at most one other special 
point then the glued metric on E a will be AMnvariant provided that the original 
metrics on E, ( , E.^. were also S' 1 -invariant. 

The above remarks show that suitable gf, s(cr) s and Gf can be defined over 
each stratum S, and in particular over maximal strata. If g a ,s(cr) and G a are 
already suitably defined over some union Y of strata, then the above remarks 
about gluing show that they can be extended to a neighborhood U ( Y) of Y. Let 
us write g^. l ,s(a) 91 and G 9 J for the objects obtained by gluing when cr £ U(Y). 
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Then, if (3 : U(Y ) U S —> [0,1] is a smooth cutoff function that equals 0 near Y 
and 1 near the boundary of U(Y), set 


9 a = (1 ~ P(a))g 9 J +/3(a)gf,a e S 
s(cr) = s(a) s , if (3(a) = 1, 

= s(a) gl otherwise, 

= Gf, if (3(a) = 1, 

= G 9 a otherwise. 


It is easy to check that the required conditions are satisfied. 

Proof of Proposition 


□ 


4.1 


By Lemmas 4.9 and 4.11 there is a well defined continuous gluing map 

gj:Ar v (Zj)->M(A-kF,JCj). 


that restricts on Zj to the inclusion. Therefore, because Zj is compact, the in¬ 
jectivity of Qj on a small neighborhood Np(Zj) follows from the local injectivity 


statement in Proposition 4.4. Similarly, the local surjectivity of Proposition 4.4 


implies that the image of Qj is open in M.(A — kF 1 ICj). Note that all the restric¬ 
tions made on the size of A fy(Zj) vary smoothly with J (and involve no more 
than the C 2 norm of J). Hence Ujlmt/j is an open subset of M(A — kF , J). □ 
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